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The planar roking-blok: analysis of kinematirestitution laws, and a new rigid-body impatmodel with fritionHongjian Zhang∗, Bernard Brogliato †Theme : Modeling, Optimization, and Control of Dynami SystemsÉquipes-Projets BipopRapport de reherhe n° 7580  Marh 2011  139 pagesAbstrat: In this report we rst analyse the apabilities of a generalized kine-mati (Newton's like) restitution law for the modeling of a planar rigid blokthat impats a rigid ground. The relationships with the lassial angular ve-loity restitution law for roking motion are examined in detail. Then a newimpat law based on the Darboux-Keller's approah with energeti oeientsof restitution (proposed reently in [31, 32, 71, 34℄) and whih allows one toinorporate Coulomb's frition, is applied and many ases are studied numeri-ally. The numerial results show that this restitution law is able to reproduea rih set of blok motions with omplex energy dispersion eets, that areonsistent with everyday life observations. Most importantly it is shown thatthe kineti angle between the two unilateral onstraints is a parameter thatplays a fundamental role in the blok's motion, and a ritial kineti angle θcis exhibited that allows one to split the bloks into two main lasses: slenderbloks with a height/width ratio larger than θc, and at bloks when the ra-tio is smaller than θc. The value of θc varies with the frition value. Detailedomparisons with experimental results on free-roking and with base exitationfound in the literature [46, 29, 17℄ are proposed and onrm the validity of theproposed model. New results onerning the onditions for the onset or rok-ing and for the overturning are presented. All the simulations are done withan event-driven algorithm that is available on the INRIA sionos open-souresoftware platform.Key-words: Roking blok, rigid body, overturning, Coulomb frition, multi-ple impat, event-driven simulation, experimental results, restitution law, resti-tution oeient
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Analyse et simulation du roking-blok: analysede lois de restitutions inématiques, et unenouvelle loi d'impat ave frottementRésumé : Dans e rapport nous ommençons par l'analyse d'une loi d'impatinématique généralisée (à la Newton) pour le as d'un blo planaire qui im-pate un sol rigide. Les relations ave la loi lassique de restitution de vitesseangulaire sont examinées en détail. Ensuite une nouvelle loi d'impat proposéedans [31, 32, 71, 34℄ est appliquée. Les simulations numériques onernent lesdynamique de type free-roking (ave fondation xe), ainsi que les dynamiquesave fondation mobile, telle que le retournement (overturning). Les résultatsnumériques sont omparés à de nombreux résultats expérimentaux qui les va-lident.Mots-lés : Blo osillant, orps rigide, retournement, frottement de Cou-lomb, impat multiple, simulation par évènements, résultats expérimentaux, loide ho, oeient de restitution.
Planar roking-blok 31 IntrodutionModeling the dynamis of a rigid blok hitting a rigid ground has attratedthe attention of sientists in the eld of earthquake engineering for a long time[47, 39℄, see e.g. [4, 5, 19, 23, 29, 45, 50, 51, 53, 56, 62, 63, 64, 65, 67, 68, 70℄to ite a few reent works. This is also of interest for the study of bloks fallingon very steep planes in the mountain [22℄, and whose trajetories need to beestimated with suient auray. In parallel the eld of impat dynamis haswitnessed an intense ativity in the past twenty-ve years, see e.g. [10, 21, 61℄and referenes therein. It happens that the problem of modeling impats withfrition is a tough issue, espeially when there are several simultaneous ontatpoints and when frition is present during the impats (multiple impats withfrition). Typially the so-alled roking blok problem involves double-impatswith frition, when one assumes that the base ontats the ground at two pointsonly. Together with hains of balls (Newton's radles), the roking blok is anapparently simple multibody system (the blok and the ground), however it in-volves multiple impats with frition and its modeling is onsequently not simpleat all. In this paper we rst analyse the apabilities of a generalized kinematirestitution law, i.e. a restitution law based on restitution oeients whih aredened as ratios of post- and pre-impat veloities. The relationships with thelassial angular veloity restitution law introdued in [23℄ and used sine thenin many papers on the roking blok, are studied. The major drawbak of suhrestitution laws is that they do not allow to predit the extremely rih dynam-ial behavior of a blok with fritional impats, beause they model in a veryrude way the fritional phenomenon at the impats. The seond part of thepaper is dediated to study in detail the blok's dynamis with double-impatsand frition, using the multiple impat model developed in [31, 32, 71, 34℄. Thismodel is based on the Darboux-Keller model studied previously for single im-pats with frition in two and three dimensions [10, 61℄. It has been extendedto the multiple impat ase in [31, 32, 71, 34℄, without and with frition. Inthese referenes many numerial simulation results are shown and ompared toexperimental results obtained elsewhere on hains of balls [18℄ and Newton'sradle [11℄, as well as for a bouning dumbbell [14℄. Those omparisons arequite suessful and they demonstrate that the proposed model enapsulatesthe most important features of multiple impats for rate-independent materials.In partiular both the dissipation (with energeti oeients of restitution) andthe dispersion eets are well reprodued. In setions 3 through 7 simulationresults are presented for the blok, in the ase of no gravity no frition, gravityand no frition, and gravity and frition. Sine there are too many parametersthat may be varied in suh a system (two restitution oeients, two fritionoeients, the elastiity onstant, the dimensions, the mass, the initial state),it is important to provide a simple guide-line that indiates general patternsfor the blok motions. It is shown here that the kineti angle between theonstraints plays a signiant role.
RR n° 7580
Planar roking-blok 42 The generalized kinemati restitution approahIn this setion we onsider the blok as a lagrangian system subjet to unilateralonstraints in its onguration spae. The objetive of this paper is the modelingof multiple impats, whih we preisely dene now.Denition 1. Let a mehanial lagrangian system have generalized oordinates
q ∈ IRn, and a onguration spae C ⊆ IRn. Let it be subjet to a set of unilateralonstraints fi(q) ≥ 0, 1 ≤ i ≤ m, where the funtions fi are ontinuouslydierentiable. We denote Σi = {q ∈ IRn | fi(q) = 0} the o-dimension oneonstraints boundaries. The admissible domain is therefore a nitely representedset Φ = {q ∈ IRn | fi(q) ≥ 0, 1 ≤ i ≤ m} ⊆ C. The boundary Bd(Φ) of Φ is theunion of faets Σ̄i ⊆ Σi, 1 ≤ i ≤ m, whose boundaries are made of o-dimension
















f1(q) = θ + θmax(y) ≥ 0
f2(q) = −θ + θmax(y) ≥ 0
(1)RR n° 7580




f1(q) = y − l2 cos(θ) + L2 sin(θ) ≥ 0
f2(q) = y − l2 cos(θ)− L2 sin(θ) ≥ 0


















2 cos(θ(t))) + λn,2(t)(
l
2 sin(θ(t)) − L2 cos(θ(t)))
0 ≤ λn(t) ⊥ f(q(t)) ≥ 0 (3)where the omplementarity onditions are omponentwise, f(q)T = (f1(q), f2(q)),
λTn = (λn,1, λn,2). For a blok with G at the geometri enter one has IG =
m
12 (l
2 + L2). In (3) we have not yet onsidered the impats with the ground,but only those phases of motion where the ontat fore is a bounded funtionof time. From (2) and (3) the Linear Complementarity Problem (LCP) thatallows one to alulate the ontat fores during the smooth phases of motion(i.e. outside impats) is given by:
0 ≤ λn(t) ⊥
d2
dt2
f(q(t)) = A(θ)λn + B(θ, θ̇) ≥ 0 (4)withA(θ) = ( 1m + 14IG (l sin(θ) + L cos(θ))2 1m + 14IG (l2 sin2(θ) − L2 cos2(θ))1
m
+ 14IG (l
2 sin2(θ)− L2 cos2(θ)) 1
m
+ 14IG (l sin(θ)− L cos(θ))
2
),
A(θ) = AT (θ), B(θ, θ̇) = ( −g + 12 θ̇2(l cos(θ)− L sin(θ))−g + 12 θ̇2(l cos(θ) + L sin(θ)) ). One alulatesthat det(A(θ)) = L2
mIG
cos2(θ) so that A(θ) is positive denite exept at θ = ±π2 .These values are however outside the range of blok orientations within whihthe analysis is done. We onlude that for all angles θ ∈ (−π2 , π2 ) A(θ) > 0and the normal ontat fore λn an be omputed uniquely as the solution ofthe LCP in (4) whatever θ and θ̇. A(θ) is the so-alled Delassus' matrix of thesystem (2) (3).RR n° 7580



















mẍ(t) = λt,1(t) + λt,2(t)


























0 ≤ λn(t) ⊥ f(q(t)) ≥ 0







θ̇ at B and vt,2 = vt,1 at A. Notie that if the ontatpoint i detahes then the omplementarity onditions imply that λn,i = 0 so
λt,i = 0. The dynamis in (5) stands for xed ground. If the base has ahorizontal motion denoted as xb(t), then the frition law is hanged to λt,i(t) ∈
−µiλn,i(t) sgn(vt,i(t)−vb(t)), i = 1, 2, where vb(t) is the base horizontal veloity.Remark 1. The Coulomb's law is set-valued at 0 veloity, i.e. we onsider thatsgn(0) = [−1, 1].Sine we will be interested later in the onset of roking for the blok on amoving base, let us rst study two important behaviours whih are due to thepresene of frition: stik/slip and detahment.2.2 A generalized kinemati restitution mappingWe take it as granted here that the positions are ontinuous funtions of timewhile the veloities are right-ontinuous of loal bounded variations, with pos-sible disontinuities at the impat times, see [7, 38, 15℄ for more details onsuh system's well-posedness. Let us introdue a spei hange of general-ized veloities [10, Chapter 6℄ (see also [37℄) for an n−dimensional lagrangiansystem subjet to m unilateral onstraints fi(q) ≥ 0, 1 ≤ i ≤ m, that wesuppose to be mutually independent. The vetor nq,i = M−1(q)∇fi(q)√∇fi(q)TM−1(q)∇fi(q)denotes the unit normal vetor to the surfae Σi = {q ∈ IRn | fi(q) = 0}, inthe kineti metri1. One may form an orthonormal basis by ompleting the nq,inormal vetors with n − m tangential vetors tq,i suh that nTq,iM(q)tq,j = 0for all i ∈ {1, ...,m} and j ∈ {m + 1, ..., n}, and suh that tTq,jM(q)tq,j = 1.We have thus onstruted an orthonormal basis in the onguration spae
C of the system, at the point q on the boundary of the admissible domain




) be an n × n1The kineti metri is the metri dened with the mass matrix M(q) = MT (q) > 0, suhthat for two vetors x and y the inner produt is xT M(q)y.
RR n° 7580



















=M(q)q̇ (6)where a normal and a tangential omponents appear. Notie that q̇norm,i =
∇fTi (q)q̇√
∇fi(q)TM−1(q)∇fi(q)











) (7)where it is still assumed that the onstraints are fritionless. The term
F (q, q̇) gathers smooth, bounded funtions only. The advantage of this veloitytransformation is that the system appears to be deoupled beause the ontatfore does not at in the tangential diretion. The dynamis in (7) is not in a la-grangian formalism, however. Notie that nTq ∇f(q) is the Delassus' matrix withnormalizations of the omponents. If all the onstraints are pairwise orthogonalin the kineti metri, then nTq ∇f(q) = diag(√∇fTi (q)M−1(q)∇fi(q)): the nor-mal diretions are also deoupled. In suh a ase the kineti angle between all theouples of surfaes, i.e. θi,j = ̂(Σi,Σj)M(q), i 6= j, are equal to π2 . We reall that
θij = π−arccos n
T
q,iM(q)nq,j
||nq,i||M(q)||nq,j ||M(q) so θij = π−arccos ∇fi(q)TM−1(q)∇fj(q)√∇fi(q)TM−1(q)∇fi(q)√∇fj(q)TM−1(q)∇fj(q)2.Remark 2. For the roking blok, the kineti angle θ12 between the two on-straints is given by θ12 = π − arccos( l2−2L2l2+4L2) at θ = 0. Denoting the aspetratio a = l
L
we may rewrite it as θ12 = π−arccos(a2−2a2+4): there is a one-to-oneorrespondane between a and θ12. It satises θ12 = π2 if l = √2L, 0 < θ12 < π2if 0 < l < √2L (at blok), and π > θ12 > π2 if l > √2L (slender blok).The interest of studying the blok's dynamis as a funtion of the kineti anglebetween the two boundaries at θ = 0, is that it allows us to determine that ablok is not of the slender type when l > L, but when l > √2L.Remark 3. The alulations are made in this paper for a perfet retangularhomogenous blok. It is lear that all the alulations an easily be done formore general bloks when for instane the enter of mass and the geometrienter do not oinide, or when the blok's geometry is not retangular. Sinemost of the literature on the topi deals with perfet bloks we however lead ourdevelopments with suh an assumption, keeping in mind that generalizations arequite possible. For instane all the alulations that are made next in this paperould be led keeping IG and not speifying its value.2The kineti angle is obtained after substration from π beause the normal vetors pointoutside the admissible domain of the onguration spae.RR n° 7580





+)− q̇norm(t−) = nTq ∇f(q)pn(t)
q̇tan(t
+)− q̇tan(t−) = 0,
(8)whih is similar to the impat dynamis of a partile hitting a fritionlesswall, where the normal and the tangential diretions are deoupled. The per-ussion pn(t) is the density of the measure λn at time t, and is indeed a funtionof time. Then it is natural to mimi the ase of a partile and to dene ageneralized Newton's (or kinemati) restitution rule as:
q̇norm(t
+) = −Enq̇norm(t−), q̇norm,i(t−) < 0, i ∈ {1, ...,m} (9)at an impat time t where all the m surfaes are ollided at the sametime, where t+ and t− indiate the right and left limits as usual. The ma-trix En ∈ IRm×m is a matrix of normal restitution. From (9) it follows that q̇tanis ontinuous at suh t. It is easy to ompute that the loss of kineti energy isgiven by TL(t) = T (t+)− T (t−) = 12 q̇Tnorm(t−)(ETn En − Im)q̇norm(t−). From theenergeti onstraint that TL(t) ≤ 0 one nds that ETn En − Im ≤ 0 is suientto guarantee the kineti energy loss. Atually a less stringent ondition is that
−ETn En+Im is a opositive matrix on the one IRm− . Sine an impat has ourredwith all m surfaes, one has q̇norm,i(t−) < 0 for all 1 ≤ i ≤ m. The post-impatveloity has to be admissible, i.e. it has to point inside the admissible domain Φ:this is a kinemati onstraint. In other words q̇norm,i(t+) ≥ 0 for all 1 ≤ i ≤ m.If En is diagonal with m non negative oeients en,i, then this implies that
en,i ≥ 0, whereas the energeti onstraint implies that −1 ≤ en,i ≤ 1. Wededue that the energeti and the post-impat veloity admissibility imply that
en,i ∈ [0, 1] when En =diag(en,i). A third onstraint is the form of the ontatfore (and of its impulse as a onsequene), that we name the kineti onstraint.In (7) we have supposed that the onstraints are fritionless, i.e. there areno ontat fores in the generalized tangential diretion. This means that theright-hand-side is as in (7), and it implies that q̇tan is ontinuous at the impattime, see (8). One also has an additional kineti onstraint pn(t) ≥ 0.The above three onstraints (energeti, kineti and kinemati) tell us thatthe following has to hold: ETn En − Im ≤ 0, pn ≥ 0 under (8) and (9), i.e.
(nq(t)


















) (10)and q̇tan may jump, with generalized tangential restitution oeients et,i,
m + 1 ≤ i ≤ n. By suitably varying the oeients of E , then the wholespae of admissible post-impat veloities an be spanned, whih is sometimesRR n° 7580





).Remark 4. The above veloity deomposition and restitution rule is interestingbeause it allows one to deouple the normal and tangential diretions for a la-grangian system in its onguration spae, hene reovering the ase of a partilehitting a fritionless wall. Moreover it may be given several nie interpretationsfollowing the developments in [21℄. First notie that q̇ = ∑mi=1 q̇norm,inq,i +
∑n




m(ẋ(t+)− ẋ(t−)) = 0
m(ẏ(t+)− ẏ(t−)) = pn,1(t) + pn,2(t)
IG(θ̇(t
+)− θ̇(t−)) = pn,1(t)( l2 sin(θ(t)) + L2 cos(θ(t))) + pn,2(t)( l2 sin(θ(t))− L2 cos(θ(t)))(11)where t is the impat time, and we reall that being the density of the measure













and q̇tan = √mẋ.A partiularity of the blok is however that exept if (i) θ(t) = 0 in whih asethe two points A and B may hit the ground at the same time, there are only twopossible other impat ongurations: (ii) A (resp. B) is in lasting ontat andthe blok hits the ground at B (resp. at A), (iii) A (resp. B) hits the groundwhile B (resp. A) is airborne. Let us study rst the subase of ase (ii) thatorresponds to a roking motion of the blok, i.e. when B stiks after the shokRR n° 7580
Planar roking-blok 10while A detahes from the ground. We shall all free-roking the roking motionwhen the base is xed and the blok evolves freely from some initial state. Thesubase of ase (ii) where A (resp. B) keeps the ontat after the shok and












m(ẏ(t+)− ẏ(t−)) = pn,1(t)
IG(θ̇(t




+) = −en,2q̇norm,2(t−) = 0


































+) = −en,2q̇norm,2(t−) = 0










θ̇(t−). (15)Notie that the roking motion implies that en,1 = 0 beause after the shokone has f1(q) = 0 and q̇norm,1(t+) = 0 (the ontat at B is lasting), so thatRR n° 7580
Planar roking-blok 11
ẏ(t+) + L2 θ̇(t

















m(ẏ(t+)− ẏ(t−)) = pn,1(t) + pn,2(t)
IG(θ̇(t





(17)Doing similar alulations as above one dedues that θ̇(t+) = 0 and ẏ(t+) = 0beause for roking to our en,1 = 0. One nds pn,1(t) = − (mL4 + IGL ) θ̇(t−) ≥













m(ẏ(t+)− ẏ(t−)) = pn,1(t) + pn,2(t)
IG(θ̇(t
+)− θ̇(t−)) = L2 (pn,1(t)− pn,2(t))
q̇norm,1(t
+) = −en,1q̇norm,1(t−)− en,12q̇norm,2(t−)
q̇norm,2(t
+) = −en,21q̇norm,1(t−)− en,2q̇norm,2(t−)
(18)RR n° 7580





θ̇(t−) ≥ 0 sine θ̇(t−) < 0. Also pn,2(t) = (−mL2 + (en,21 + 1) IGL ) θ̇(t−).The kineti onstraint pn,2(t) ≥ 0 implies that l ≤ √ 5−en,211+en,21L or equivalently
en,21 ≤ 5L
2−l2
l2+L2 . Realling that en,1 = 0 the energeti onstraint implies that







0Figure 2: The admissible domain for en,21.Remark 6. The introdution of oupling terms in En allows one to over alarger set of the roking motion. It has already been notied elsewhere that oneneeds to introdue distane eets in order to solve multiple impat problemsin hains of balls [20℄.Remark 7. Depending on the type of motion (i.e. on the type of kinemationstraint that is imposed on the blok), the energeti onstraint may implydierent bounds on the entries of En. Indeed the energeti inequality ETn En −
Im ≤ 0 denes a subset in the set of restitution oeients (the entries of En).The other onstraints dene setions of this subset.2.3.4 General En, pn,1(t) 6= 0, pn,2(t) 6= 0 (stiking roking blok)The kinemati onstraints due to the stiking points (A stiks before the shok,
B stiks after it) are given by ẋ(t−) = − l2 θ̇(t−) and q̇norm,2(t−) = ẏ(t−) −
L
2 θ̇(t
−) = 0. The point B is xed in both diretions after the shok, i.e. ẋ(t+) =
− l2 θ̇(t+) and q̇norm,1(t+) = ẏ(t+) + L2 θ̇(t+) = 0. The impat dynamis is as in(18) exept for the rst line for ẋ sine ẋ may jump at the impat, see (26)RR n° 7580
Planar roking-blok 13and remark 9. It is noteworthy that imposing a prioriall the above kinemationstraints, imposes a very partiuler form of the perussion vetor, see (26).One obtains θ̇(t+) = en,21θ̇(t−), and sine we deal with roking en,21 > 0. Thekineti onstraint pn,1(t) ≥ 0 is always satised and pn,2(t) ≥ 0 if and only if
en,21 ≥ l
2−2L2








Figure 3: The admissible domain for en,21.Let us omment that if En is diagonal then one obtains that en,1 = 0,
q̇norm,2(t
+) = 0 (sine q̇norm,2(t+) = −en,2q̇norm,2(t−) and q̇norm,2(t−) = 0),so that ẏ(t+) = L2 θ̇(t+). This with q̇norm,1(t+) = ẏ(t+) + L2 θ̇(t+) = 0 impliesthat ẏ(t+) = θ̇(t+) = 0: only the most dissipative ase is handled.2.3.5 Diagonal En, pn,1(t) 6= 0, pn,2(t) 6= 0 (half-roking blok)We now turn our attention to the half-roking motion problem. A stays inontat while B ollides the ground and rebounds. The kinemati onstraintsare f2(q(t)) = 0 and ẏ(t) + l2 ˙theta(t) sin(θ(t)) − L2 θ̇(t) cos(θ(t)) = 0 for all
t. The post- and pre-impat onstraints are thus (at a double-impat time
θ(t) = 0): ẏ(t+) = L2 θ̇(t+) and ẏ(t−) = L2 θ̇(t−). The impat at B meansthat q̇norm,1(t+) = −en,1q̇norm,1(t−) with q̇norm,1(t−) < 0 and q̇norm,1(t+) ≥ 0.Combining all these equalities we obtain θ̇(t+) = −en,1θ̇(t−) and onsequently
ẏ(t+) = −en,1ẏ(t−). Let us now use the impat dynamis in (11). Simplealulations yield:
{
pn,1(t) = − m12L(en,1 + 1)θ̇(t−)(4L2 + l2)
pn,2(t) =
m
12L (en,1 + 1)θ̇(t
−)(l2 − 2L2) (19)Therefore pn,1(t) ≥ 0 always, whereas pn,2(t) ≥ 0 ⇔ l2 ≤ 2L2. We retrieveagain that only at blok (θ12 ≤ π2 ) an be modeled, as in setion 2.3.2.The ase where one assumes pn,2(t) = 0 (the ontat fore at A remains afuntion of time) yields that neessarily l2 = 2L2 so that only θ12 = π2 an betreated. Finally assuming a general restitution matrix En as in (18) yields sine
q̇norm,2(t
−) = 0 and q̇norm,2(t+) = 0 that en,21 = 0, so nothing is brought in themodel ompared to the diagonal restitution matrix ase.RR n° 7580
Planar roking-blok 142.3.6 Diagonal En, pn,1(t) 6= 0, pn,2(t) 6= 0, with Coulomb's fritionLet us now try to model Coulomb's frition at A and B, by setting at eahof these point pt,i(t) ∈ −µpn,i(t) sgn(vt,i(t+)), where vt,1 = ẋ + θ̇2 (l cos(θ) −
L sin(θ)), vt,2 = ẋ + θ̇2 (l cos(θ) + L sin(θ)) are the tangential veloities at Band A (when ontat is established at these points), and µ ≥ 0 is a fritionoeient, sgn(·) is the multivalued at zero signum funtion. It is ommon inimpat mehanis to introdue Coulomb's frition at the impulse level, but thismay yield an energetially inonsistent model when oupled with a kinematirestitution oeient [10, 13℄. Introduing λt,1 and λt,2 the tangential reationsat B and A respetively, and the orresponding tangential impulses pt,1 and
















m(ẋ(t+)− ẋ(t−)) = pt,1(t) + pt,2(t)
m(ẏ(t+)− ẏ(t−)) = pn,1(t) + pn,2(t)
IG(θ̇(t
+)− θ̇(t−)) = L2 (pn,1(t)− pn,2(t)) + l(pt,1(t) + pt,2(t))





(20)Before the impat A is stiking so q̇norm,2(t−) = 0 and q̇norm,2(t+) = 0.Thus ẏ(t−) = L2 θ̇(t−) and ẏ(t+) = L2 θ̇(t+). Therefore roking is still impossiblebeause the frition annot help in making A detah from the ground after theshok. At best this model may desribe half-roking motion.2.4 The angular veloity restitution lawLet us now start from the restitution law








m(ẏ(t+)− ẏ(t−)) = pn,1 + pn,2
IG(θ̇(t
+)− θ̇(t−)) = L2 (pn,1 − pn,2)
q̇norm,1(t
+) = ẏ(t+) + L2 θ̇(t
+) = 0
q̇norm,2(t
−) = ẏ(t−)− L2 θ̇(t−) = 0
(22)
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(r2 − 1)θ̇2(t−) so that r ∈ [−1, 1] from the energeti onstraint.Sine we examine the roking motion we have sgn(θ̇(t−)) =sgn(θ̇(t+)) so that
















(23)In order to respet the kineti onstraint pn,1(t) ≥ 0 one has to have from(23) (reall that IG = m12 (l2 + L2)):
r ≤
l2 + L2 + 6L ẏ(t
−)
θ̇(t−)
2L2 − l2 =
l2 + 4L2
2L2 − l2 (> 0) (24)if 2L2 − l2 > 0, and
r ≥
l2 + L2 + 6L ẏ(t
−)
θ̇(t−)
2L2 − l2 =
l2 + 4L2
2L2 − l2 (< 0) (25)if 2L2 − l2 < 0 (slender blok), and realling that θ̇(t−) < 0, ẏ(t−) < 0,
ẏ(t−) = L2 θ̇(t
−). Both these upper-bounds are respeted for r ∈ [−1, 0], sothat the rst kineti onstraint is satised for r ∈ [−1, 0]. Let us now examine
pn,2(t) ≥ 0. From (23) one has pn,2(t) = m( 3L2r+2l2−L212L ) θ̇(t−). It follows that
pn,2(t) ≥ 0 ⇔ r ≤ L
2−2l2
3L2 . So if l > √2L (slender blok) one obtains r < −1whih is not possible from the energeti onstraint. It is therefore neessary that
1√
2
L < l <
√
2L so that pn,2(t) ≥ 0 and the energeti onstraint is satised. Weonlude that r ∈ [−1,min(0, L2−2l23L2 )] and that 1√2L < l < √2L. We thereforereah a similar onlusion to the one obtained with the generalized kinematilaw and pn,2(t) 6= 0 in setion 2.3.3, that roking an be desribed for this modelonly for a sublass of at bloks. In gure 4 is depited r as a funtion of l
L










Figure 4: The admissible domain for r.Finally it is easily omputed that if pn,2(t) = 0 then pn,1(t) = mL2 (r −
1)θ̇(t−) = − 2IG
L
(r + 1)θ̇(t−), whih yields r = 2L2−l24L2+l2 . We reover here theRR n° 7580
Planar roking-blok 16value of r in (16) that was obtained with the generalized kinemati law, andwith the assumption that pn,2(t) = 0. Therefore if l < √2L then r > 0 andsgn(θ̇(t+)) = −sgn(θ̇(t−)). It is not possible that the blok stiks at B after theshok for roking. Thus with these asumptions roking annot be modeled if
l <
√
2L. Now if r = √2L then r = 0 and the blok stops after the shok sine





Figure 5: The admissible domain for l and L.Remark 8. From the results of this setion and of setion 2.3.3, it follows thatboth approahes to desribe the roking motion are quite lose one to eah other.The generalized kinemati restitution law of J.J. Moreau [10, 21℄ is unable tomodel roking, whih has led Moreau to introdue an ad ho tangential oeientat the loal ontat veloities level [40℄. The introdution of a non-diagonal Enis quite similar.2.4.2 Stiking free-roking blokIn many papers r is alulated by equaling the moment of momentum at therotating point, before and after the impat. Then one nds r = − 2l2−L22L2+2l2 =
−(1 − 32 sin
2(α)) [23, 29℄, where α is as in gure 1. We may name this r theHousner model. Notie that if we suppose that the problem is fritionless then























, so σB = IGθ̇ −mL2 ẏ −m l2 ẋ. Thustaking into aount the kinemati onstraints ẏ(t−) = L2 θ̇(t−) and ẏ(t+) =
−L2 θ̇(t+), one nds that σB(t+) = σB(t−) gives r = 2L2−l24L2+l2 . This indeed agreeswith (16), but not with the above value r = − 2l2−L22L2+2l2 that is used in theliterature, whih is found by assuming another kinemati onstraint: the ontatpoints do not slip. This is in fat a very approximate way of introduing fritionRR n° 7580
Planar roking-blok 17that is responsible for stik/slip behavior, and may explain why this r is oftenfound not to math with the one from experimental results.Let us now analyze the free-roking motion where the ontat points stik.The kinemati onstraints are as in setion 2.3.4: ẋ(t−) = − l2 θ̇(t−), ẏ(t−) −
L
2 θ̇(t







m(ẋ(t+)− ẋ(t−)) = mlL4IG+ml2 (pn,2(t)− pn,1(t)) = pt,1(t) + pt,2(t)
m(ẏ(t+)− ẏ(t−)) = pn,1(t) + pn,2(t)
IG(θ̇(t
+)− θ̇(t−)) = L2 (pn,1(t)− pn,2(t)) + l2 (pt,1 + pt,2)
θ̇(t+) = −rθ̇(t−), r = − 2l2−L22L2+2l2
(26)One has TL(t) = T (t+)− T (t−) = (m8 (l2 + L2) + IG2 ) (r2 − 1)θ̇2(t−) so that
TL(t
−) ≤ 0⇔ r ∈ [−1, 1]. Note at one that suh an r satises the energeti on-straint r ∈ [−1, 1]. One nds after alulations pn,1(t) = (mL4 (r − 1)− 4IG+ml24L ) θ̇(t−),and pn,2(t) = (mL4 (r − 1) + 4IG+ml24L (r + 1)) θ̇(t−). Therefore pn,1(t) ≥ 0 sine
r ∈ [−1, 1] (the energeti onstraint), and pn,2(t) ≥ 0 if and only if r ≤ L2+−2l22(L2+l2) ,whih is preisely the value of r in (26) that is ≤ 1. Thus pn,2(t) ≥ 0 if andonly if r ∈ [−1, L2+−2l22(L2+l2) ]. Reall now that roking ours only if both θ̇(−)and θ̇(+) have the same sign, i.e. r < 0, so that l ≥ 1√
2
L. This gives an rin (26) that satises the kineti, the energeti, and the kinemati onstraints.This enompasses a sublass of at bloks ( 1√
2
L ≤ l <
√
2l) and slender bloks(l > √2L).One sees that en,21 in setion 2.3.4 satises en,21 = −r sine θ̇(t+) =
en,21θ̇(t













(θ̇(t−))2 (27)that is always negative. The restitution law of setion 2.3.4 allows for en,21 ∈
[0, 1] if l ≤ √2L and en,21 ∈ [ l2−2L24L2+l2 , 1] if l ≥ √2L, and hene allows to desribemore energeti behaviors.Remark 9. The stiking assumption introdues a jump in ẋ and hene in q̇tan(indeed from the kinemati onstraints one has ẋ(t+) = −rẋ(t−) and q̇tan =√








, with ETE = diag(r2). In the ase of the restitution lawRR n° 7580
Planar roking-blok 18of setion 2.3.4 one obtains E =  0 en,21 0en,21 0 0
0 0 −en,21

 if one imposes thesame oeient for the two sub-yles of the roking motion, i.e. en,12 = en,21.Remark 10. The physial phenomenon that is responsible for stiking of theontat points is Coulomb's frition. Thus the stiking free-roking motionshould not be postulated a priori, but should be the result of the eets of Coulomb'sfrition. This is what the impat model that is used in setions 4 to 7 allowsone to do.Let us now study the angular veloity restitution for stiking free-roking,and assuming that λn,2 is a funtion (there is no Dira measure ating at Awhen the blok ollides at B). Imposing pn,2(t) = 0 in (26) yields r = 2L2−l24L2+l2 .The moment of momentum equality yields r = L2−2L22L2+2L2 . Let α = l2L2 . We getthat neessarily 2−α4+α = 1−2α2+2α ⇒ α = 0. We onlude that this works only inthe limit ase of a blok with l = 0, that is a rod with zero width with θ12 = 3π4and r = 12 . However sine roking implies that r < 0 we infer that stikingfree-roking annot be handled with pn,2(t) = 0.2.4.3 Half-roking blokThe half-roking implies r > 0 (the angular veloity reverses its sign after theimpat at B), while q̇norm,2(t−) = q̇norm,2(t−) = 0, i.e. ẏ(t+) = L2 θ̇(t+) and
ẏ(t−) = L2 θ̇(t




+)− θ̇(t−)) = pn,1(t) + pn,2(t)
2IG
L
(θ̇(t+)− θ̇(t−)) = pn,1(t)− pn,2(t)
(28)It follows that pn,1(t) = −(r + 1)(mL2 + 2IGL )θ̇(t−) that is always positive,while pn,2(t) = (r + 1)(−mL2 + 2IGL )θ̇(t−). The energeti onstraint implies








(θ̇(t+)− θ̇(t−)) so that mL2 = 2IGL whih is equivalent to l = √2L,i.e. θ12 = π2 . Half-roking implies r > 0 whih together with the energetionstraint implies that r ∈ [0, 1].2.5 Charateristi kineti anglesSeveral kineti angle appeared in the foregoing aulations, that orrespond at
θ = 0 to a) l = √5L (setion 2.3.3), b) l = 1√
2
L, ) l = √2L2 + 1 (setion 2.4).They are given by θ12 = π−arccos l2−2L24L2+l2 , see setion 2.2 for the general formula.One therefore gets a) α ∆= π − arccos(13 ) > π2 , b) γ ∆= π − arccos(− 13 ) < π2 , )
β
∆
= π − arccos( 16L2+1 ) > π2 , respetively.RR n° 7580
Planar roking-blok 192.6 General En, pn,1(t) 6= 0, pn,2(t) 6= 0, rebound at BLet us now study the ase when the blok rotates around A and stiks in thetangential diretion, hits the ground at B, and we allow for en,1 > 0, i.e. apositive restitution oeient at B. This may be motivated by the fat thatin most of the reported experiments, roking ours while en,i 6= 0, see remark5. As will be shown the uniqueness of the restitution parameters (oeients)may be lost for a given energeti behaviour. The kinemati onstraints at Aare ẋ(t−) = − l2 θ̇(t−), q̇norm,2(t−) = ẏ(t−) − L2 θ̇(t−) = 0. The restitution lawis q̇norm(t+) = −Enq̇norm(t−), whih gives q̇norm,1(t+) = −en,1q̇norm,1(t−) −
en,12q̇norm,2(t
−) = −en,1q̇norm,1(t−), and q̇norm,2(t+) = −en,21q̇norm,1(t−) −
en,2q̇norm,2(t




m(ẋ(t+)− ẋ(t−)) = pt,1 + pt,2
m(ẏ(t+)− ẏ(t−)) = pn,1 + pn,2
IG(θ̇(t
+)− θ̇(t−)) = L2 (pn,1 − pn,2) + l2 (= pt,1 + pt,2)
(29)For the moment we have 6 unknowns and only 5 equations. A sixth equationis added by dening ẋ(t+) = −en,3ẋ(t−) ⇔ q̇tan(t+) = −en,3q̇tan(t−) sine
; q̇tan =
√





ẏ(t+) = − 12 (en,1 + en,21)Lθ̇(t−)
θ̇(t+) = (−en,1 + en,21)θ̇(t−)





l2(e2n,3 − 1) + L2(en,1 + en,21)2 − L2 + l
2+L2






− 4l2+4L23 + l2e2n,3 + L2(en,1 + en,21)2 + l
2+L2
3 (−en,1 + en,21)2
](31)from whih it follows that TL ≤ 0 is equivalent to:
(l2 + 4L2)(e2n,1 + e
2
n,21) + (4L












(en,1 − en,21 + 1)− ml
2
2L (en,3 + 1)
]
θ̇(t−). Hene the kineti onstraints aregiven by:
pn,1(t) ≥ 0⇔ (l2 + 4L2)en,1 + (2L2 − l2)en,21 + 3l2en,3 + 7l2 + 4L2 ≥ 0 (34)RR n° 7580
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king-blok 20and
pn,2(t) ≥ 0⇔ (2L2 − l2)(en,1 + en,21)− 3l2en,3 + 2(L2 − 2l2) ≥ 0. (35)These two onstraints dene two subspaes S1 and S2 of the thee-dimensionalspae of the restitution oeients, and the admissible oeients must lie in
Se ∩ S1 ∩ S2.Tangential restitution At an impat time the tangential veloities of Aand B are equal to vt,i = ẋ + l2 θ̇. Inserting the above results vt,i(t+) =
−en,3ẋ(t−) + l2 (−en,1 + en,21)θ̇(t−). Starting from vt,i(t+) = etvt,i(t−) forsome tangential restitution oeient one obtains vt,i(t+) = etẋ(t−)+ l2etθ̇(t−).The relation between the generalized and the tangential oeients is therefore
et = −en,3 = −en,1 + en,21. We infer that imposing a tangential restitutionat the loal tangential veloities of the ontat points, introdues a onstrainton the generalized oeients en,1, en,2, en,21. The fat that there exists on-straints between various kinemati restitution oeients is known in the aseof single impats [9, 10℄.Let us impose further stiking at the end of the impat at B: vt,1(t+) =
ẋ(t+) + l2 θ̇(t








.If we now impose en,1 = 0 then en,3 = −en,21 and E =  0 en,21 0en,21 0 0
0 0 en,21









−ETn En + Im ≥ 0 (or opositive on IRm− )
(nq(t)




(36)for some matrix A with entries 0 or 1. The results are reapitulated inthe table 1, where the kineti angles α, β, γ, are given in setion 2.5. It isnoteworthy that we have done all the alulations when the blok rotates around
A and ollides the ground at B. By doing the reverse (impat at A and rotationaround B) one infers similar values for the restitution oeients en,2 and en,12,whih we do not indiate in the table to lighten the presentation.The value θ12 = 3π4 orresponds to the limit ase l = 0.Comments: Introduing the generalized impat law dened from the on-guration spae normal vetors has allowed us, among other things, to give aRR n° 7580










ẏ(t+) = θ̇(t+) = 0
















ẏ(t+) = θ̇(t+) = 0
en,1 ∈ [0, 1]









en,21 ∈ [0,min(1, 5L
2−l2
3L2 )]
θ12 ∈ [π4 , α]√
2L ≤ l ≤
√
5L
en,1 ∈ [0, 1]
en,21 = 0












θ12 ∈ [π4 , π)angular restitution r
pn,1 6= 0
pn,2 6= 0
r ∈ [−1,min(0, L2−2l23L2 )]
θ12 ∈ [γ, π2 ]
1√
2








r = − 2l2−L22L2+2l2









θ12 ∈ [π2 , β]
l2 − 1 ≤ 2L2 ≤ l2







XTable 1: The various kinemati restitution laws.rigorous meaning to and to extend the well-known (in the roking blok liter-ature) Housner angular restitution oeient (ompare entries (3,3) and (4,3)in the above table). Interestingly enough the value of r obtained from the mo-ment of momentum onservation, orresponds to the most dissipative ase ofthe kinemati law of setion 2.3.4, whih we may name the enhaned angular-veloity restitution law. The bounds on the restitution oeients due to theenergetial onstraint, depend on the type of motion (see remark 7). This mayhave important pratial onsequenes, as a dierent restitution matrix mayhave to be estimated experimentally for eah initial ondition, similarly to theNewton's radle [44℄. Ideally one would like to work with parameters whihdo not depend on the type of impat one is studying. Most importantly onewould like to have a model that allows to predit whether or not a partiularmotion will our (will the ontat points slide or stik? Will the blok rokor not?), for a given set of parameters (restitution, frition, dimensions, et) tobe estimated through simple, independent experiments. Suh questions beomefundamental if one thinks of the blok motion when the base is exited: depend-ing on the magnitude and frequeny of the base exitation, the blok may haveseveral types of motions (roking, bouning, with stik/slip behavior of the on-tat points), as pointed out elsewhere [29, 46, 62℄. This is already true for freeroking with xed base (experiments reported in [29℄ for l
L
= 1 show that afterthe impat at B, the blok may beome airborne before impating at A, whilesliding ours at B.). Prediting suh omplex dynamis is not possible with thekinemati laws of impat whih just allow one to t a posteriori the parameterswith the observed experiments (as done e.g. in [6, 30, 51, 48℄), espeially whenfrition is onsidered. As an example one may onsider the entry (3,3) of theRR n° 7580
Planar roking-blok 22above table: en,21 is allowed to vary within some interval whih guarantees somemehanial oherene. However how an one determine if roking with stikingontats will exist or not and will orrrespond to one suh restitution? This issimply impossible.In order to irumvent suh drawbaks, one has therefore to look at restitu-tion laws dened at another level: kineti (Poisson's laws) or energeti. In thesequel we will adopt the impat dynamis proposed in [31, 32, 71, 34℄, whihuses energeti oeients [61℄. This will allow us, most importantly, to inludefritional eets at the impats, whih seems to be a novelty in the rokingblok modeling in a rigid body framework. One may inlude frition into thekinemati framework [2, 40℄, however this is not an easy modeling task, evenfor a single point of impat [10, 61℄. Kinemati laws however possess the hugeadvantage of being very tratable from the numerial point of view, whih isof utmost importane when the system has a large number of ontats. Boththe kinemati and the energeti approahes (to be presented in the sequel) maytherefore be onsidered as being omplementary approahes rather than oppo-site ones.In [6℄ experimental tests were done and ompared to the model with angularrestitution r in (21). It was found that the analytial value of r = − 2l2−L22L2+2l2 in [6℄did not math with the experimental one, despite r was measured to be onstant(but should be hanged for eah blok). Similar onlusions were drawn in [48℄who found a rather big disrepany between the analytial and the experimentalvalues of r (the analytial one being alulated from the onservation of angularmomentum before and after the shok). Usually the experimentally measuredvalues for r are larger than the theoretially predited ones, and many authorssimply t r with the data without questioning the model [6, 29, 48, 59, 64, 69℄.Reently experimental tests on onrete bloks have shown [17℄ that the ra-tio between the measured r and the above one may be smaller or larger thanone, despite it is usually smaller (see Table II in [17℄), ontraditing the olderonlusions. These authors also showed the unability of the kinemati angularrestitution law to predit the free-roking motion (see gure 18 in [17℄). Thishas led some researhers in the eld to propose new models. Lispombe et al.[29℄ alulated r by introduing the kinemati restitution and adding onstraintsfor no slipping or unidiretional slip, and found an expression similar to the onein (15). Yilmaz et al. [67℄ use a generalization of Routh's approah and so-alled impulse orrelation ratios, without frition. They found good agreementsbetween their simulations and their experiments. Lourenço et al. [45, 46, 50℄performed lots of experiments and also proposed a new model for roking. Itis noteworthy that in their experiments Pena et al. [45℄ found better mathingbetween the above value of r and the experimental values, whih dier by muhsmaller perentage than in [6, 48℄. This is in aordane with the results pre-sented in setion 5. The fat that a blok rotating around A and impating at Bmay rebound at both A and B (and thus be airborne) is studied in [4, 29℄. Thisis a partiularly interesting feature whih shows that distane eets have tobe taken into aount. It seems diult to model suh eets with kinematirestitution laws. Some authors like Andreaus et al. [4℄ and Palmeri et al. [42℄introdued some ompliane at the ontats and fritional eets in order toope with suh omplex dynamis. In [5℄ the nonsmooth mehanis frameworkis adopted and frition with a non-onstant sliding oeient is used. In [51℄RR n° 7580
Planar roking-blok 23the normal and tangential (Coulomb's frition) models are penalized so that theroking blok (stiking roking) dynamis is a smooth seond order dierentialequation, that may be sti. Taniguhi [62℄ uses the Housner angular velo-ity restitution oeient, and Coulomb's law during non-impating phases ofmotion. He points out that perfet roking seldom ours, whereas stik/slipphases may be the ommon behaviour. It is worth noting also that in most ofthe papers on the roking blok, the restitution oeients at the ontat points
A and B are not measured, and sometimes even the frition oeients are notgiven. Only r is measured, whih means that the other parameters have to betted.The onlusions to be drawn from all these works are that experimentalresults are not always easy to interpret, rendering the models' validation a hardtask. It happens that the dynamis of a blok on a rigid ground with fritionis a rather unexpetedly omplex proess, ertainly as omplex as the Newton'sradle whih is fritionless. This makes the design of good preditive modelsa rather tough task. Also, the experiments are always prone to a number ofunertainties like: frition with grooves on the foundation, vibrational eets inside the blok, whih are not well understood, deformation and vibrations of the foundation, heterogeneous material so that the enter of mass is not the geometrienter, damage at the ontat points, so that the orners are not the exat rotationpoints, three-dimensional eets, pivot frition at the ontat points, line or surfae ontat eets, et.By line or surfae ontat eets, we mean that the blok's surfae that ol-lides with the ground, and the ground itself, never possess a perfet geometry.It may happen that the ontat is established at some isolated points of thesurfae, or with some subsets of the surfae. Thus the blok's geometri widthmay not orrespond to its roking blok equivalent width, or eetive width.The two extreme ases are when the base is onave (the orners are the on-tat/impat points and the geometri and eetive width are equal), and whenit is onvex (there are no more impats). Suh issues where raised in [52℄ whereit is noted that overturning responses of bloks with multiple roking points areequivalent to more slender bloks with simple basal ontat onditions. In otherwords, when the ontat ours at several points of the base, the equivalentperfet blok with two ontat/impat points at A and B is more slender. Inaddition it has been notied experimentally that the blok's motion may be verysensitive to initial data, a vey small hange in the initial position an ause a bighange in the blok's response [6, 41℄. For all these reasons, getting very au-rate predition with rigid body models is expeted to be a tough task in general.Getting general tendenies may be a reasonable and useful goal, instead.RR n° 7580
Planar roking-blok 24Aording to [29℄ the overall deformation eets (waves due to the shoks andtravelling inside the blok) do not inuene the roking blok dynamis whenthe height/width ratio is small enough (e.g. when l
L
≤ 15 for steel bloks).This would however require some rigorous onrmation, and may be untrueif the experiments are led with a foundation of the same mass as the blok(as is the ase in [45, 46℄). As shown in [32℄ the impat law we are usingan reprodue some wave eets in hains of balls, whih are responsible forthe dispersion of the energy. It is therefore quite possible that the model isable to enapsulate some vibrational eets in the blok as well. But are thesevibrational eets those of the real system? We do not takle this tough issue inthis paper. It is however ruial to keep in mind that a model that is obtainedwithin a planar rigid body framework, may only quantitatively approximateand just qualitatively predit a real blok's motion. Requiring more is simplyhopeless. A typial and very interesting ilustration of this is in setion 4.3,Table III and gure 4 of [45℄. They tested four bloks with l
L
= 4, 5.88, 8.33and 2.85 respetively. They alibrated a disrete element model from free-roking experiments on these four bloks by tting the equivalent stiness anddamping terms of the DE model. Surprizingly enough the tting proess resultedin a seemingly errati proess where the stiness and the damping had to beinreased or dereased with no obvious logi, and sometimes drastially hanged(espeially for their speimens 3 and 4). Three dimensional eets may beresponsible for this, see also setion 6.1.Another onlusion from the above developments is that adding Coulomb'sfrition within the kinemati framework annot help solving the problem ofroking. The law of setion 2.3.4 is the only one that models roking motion,and this explain why the roking motion ommunity has been using the angularveloity restitution oeient in the past 50 years: there is no other modelthat is available. At the present time, frition is therefore introdued in theblok dynamis only outside the impats, as for instane in [16℄. Frition atthe impats is not modeled, exept when the ontats are ompliant so thatthe rigid body framework is lost. It is known however that stik/slip behaviourduring the impats may inuene signiantly the shok dynamis [10, 35, 61℄.It is apparent from the above results and omments that introduing a orretmodel of frition in the blok dynamis, both at impats and during ontatphases, is a mandatory step. Takling this objetive within the framework ofrigid body systems and multiple impats with frition is done in the sequel ofthis paper.3 The extended Darboux-Keller impat dynam-isThe simulations whih are presented in the next setions are of the event-driventype [2℄. As alluded to above, the advantage of this impat dynamis is that itsparameters are the energeti oeients of restitution at A and B, the oe-ients of frition at A and B, and the elastiity oeient (η = 1 for linear elas-tiity, η = 32 for Hertz ontat). These parameters are determined from materialproperties and/or independent experiments. Then the numerial integration isproessed. In order not to onfuse the kinemati models and the energeti ones,RR n° 7580
Planar roking-blok 25the energeti restitution oeients will be denoted as e∗n,i, i = 1, 2. It is known,indeed, that the kinemati and the energeti oeients may not be equal oneto eah other, even in single impats [35, 61℄.The impat model proposed in [31, 33℄ is summarized as follows in the fri-tionless ase. The ontat stinesses are denoted as ki, the potential energy atontat i is Ei. The matrixW is the jaobian between the generalized veloities



































j q̇dPj(40)and the time tc at the ontat j is alulated from δ̇j(tc) = 0, while tf isalulated from the energy onstraint Wr,j = −(e∗n,j)2Wc,j . Coulomb's fritionan be easily added in the impat model, at the fore (or innitesimal impulse)level. In this work we use an enhaned model with a stati µs and a dynami

















2 cos(θ0) + 0.1 θ0), and q̇T (0) = (0 − 1 0), i.e. the blokis sent on the obstale with a translational vertial motion, and hits it at oneorner, exept if θ0 = 0 where both A and B hit the ground at the same time.This orresponds to planar bloks sliding on a horizontal air ushion table. Theresults are depited in gures 7 to 9, for three kineti angle values: θ12 < π2 ,
θ12 =
π



























































































































































































































































Figure 9: Admissible domain, nal energy, nal θ̇, angular position, normalposition and veloities at A and B, θ12 > π2 , no gravity.
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Planar roking-blok 30 For |θ0| > θc the nal kineti energy is positive and inreases with |θ0|.The blok overturns as expeted for suh initial orientation. There is a jump in the urve θ̇(θ0) at θ0 = 0, for θ12 > π2 (see gure 8 ()).This illustrates the well-known fat that trajetories may be disontinuouswith respet to initial data for suh kineti angles [43℄. Comparing gures7 (b), 8 (b) and 9 (b), one sees that the zero nal energy region vanisheswhen θ12 passes through π2 , indiating the fat that slender bloks overturnmore easily than at ones. From gures 7 (d) (e) (f), 8 (d) (e) (f) and 9 (d) (e) (f), one sees thatthere are only two impats. It is interesting to note that there is a ontinuous deformation in the urves() from gure 7 () to 9 ().It is noteworthy that the blok detahes from the ground after the impats,despite e∗n,1 = e∗n,2 = 0. This is due to the transfer of energy between thetranslational and the angular motions. Let us examine this with the orre-sponding LCP. Suppose the impat has ourred at A. Starting from (3) anddierentiating twie f2(q) one obtains the omplementarity relation just afterthe impat:










2(t)R cos(α−θ(t)) (−g) ≥ 0(41)where R = √l2+L22 , α is the angle suh that f2(q) = y−R cos(α− θ). In thesystem's onguration of interest one has α > θ(t) so that cos(α−θ(t)) > 0. TheLCP matrix is 1+ R2
IG
sin2(α−θ(t)) > 0 so the LCP always has a unique solution,and sine θ̇2(t)R cos(α − θ(t)) ≥ 0 this solution is λn,2(t) = 0. The normalaeleration of the point A is therefore given by d2f2
dt2



























































































































































































































































Figure 12: Admissible domain, nal energy, nal θ̇, angular position, normalposition and veloities at A and B, θ12 > π2 , with gravity.
RR n° 7580
Planar roking-blok 345 Impats with Coulomb frition (xed base)Let us now turn our attention to the most interesting ase of impats and ontatwith frition. In our model we allow for a stati µs and a dynami µ oeientsof frition. Everyday-life simple experiments show that frition infuenes a lotthe blok's motion when it is initialized with ontat at a single point, withzero veloity, and let fallen under gravity. Take for instane various glasseswith dierent ratios l
L
and let them rok on a table with or without tablelothe:slender glasses behave quite dierently from at ones. A simple stabilo boss©pen with l
L
≈ 5 may be used to observe the following: when the pen is releasedfrom an initial height of about 20 m, in a slightly inlined position so that itundergoes a single impat at one orner with the desk, it rebounds very little(two or three m) but obviously en,i > 0. Now when initialized for roking(ontat at one orner and zero veloity, θ < θc), then it roks on the deskand stabilizes on it after what looks like an aumulation of impats (despitethere is only a nite number of impats in reality, but we may expet that amathematial model will predit suh an aumulation, just as it is the asefor the bouning-ball). There may be little sliding at the ontat points, or itmay stik during the whole roking motion. Repeating the experiment with asheet of paper on the desk's surfae (hene modifying both en,i and µ) doesnot hange muh the behavior. This simple pen experiment seems to tell usthat having en,i = 0 may not be neessary to have roking motion, ontrarilyto what the model predits (see setion 2.3). The simulations in this setionwill bring an explanation to this issue: an roking be modeled with en,i > 0? Surprizingly enough the onlusion will be that sustained roking motionimplies that en,1 > emin beause too small restitution implies that the blokomes to rest after few impats (typially two or three).Remark 12. Ovbiously suh qualitative observations annot justify a mathe-matial model. Rigorous omparisons with experimental data have to be per-formed from the quantitative point of view (as done in [32, 34, 71℄). Theyhowever prove that a good model should at least be able to reprodue suh avariety of motions. The model will be justied later with numerous and de-tailed omparisons with experimental data found in [45, 46, 17, 29℄, both for thefree-roking and the base-exitation ases. Therefore our study shows that theproposed model is good both from the qualitative and the quantitative point ofviews.5.1 The role of the kineti angleOne of the onlusions of setion 4 is that the kineti angle θ12 between thetwo onstraints at θ = 0 plays a signiant role in the blok's motion. We nowonsider the same three values of θ12 as in the foregoing setion, i.e. the ratios
l
L









































































































































































Figure 14: θ(t) with e∗n,1 = e∗n,2 = 0, varying µ.
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Figure 16: θ(t) with e∗n,1 = e∗n,2 = 0.8, varying µ.
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Planar roking-blok 39one impat at B followed by one impat at A. The ase θ12 = π2 makes atransition between both ases. e∗n,1 = e∗n,2 = 0.8: When θ12 = π2 and µ is small or zero, A does not detahfrom the ground, andB undergoes a series of impats (half-roking motion,with no exhange of energy from B to A); A detahes and impats also(i.e. part of the energy is exhanged between A and B) when µ is large.When θ12 < π2 and µ is small, there is a strong exhange of energy from Bto A at the rst impat, and from A to B at the seond impat; then theenergy seems to be balaned between the two ontat points; for large µboth ontat points take similar energies. When θ12 > π2 and µ is small,the rst rebound at B is muh larger that the ones at A, indiating that theenergy exhange between B and A exists but is small; when µ gets largera muh larger part of the energy transfers from B to A at the rst impat,and subsequently the energy is more dispersed at the two ontat points.Obviously θ12 = π2 makes a transition between two dierent mehanismsof energy dispersion in the blok. The energy dispersion is suh that roking or half-roking seldom appear(just as a pathologial ase for θ12 = π2 in gure 15) for the hosen pa-rameters values. It is apparent from gure 15 that the energy dispersionmay be a omplex nonlinear phenomenon, even for suh a simple systemas the planar blok with two ontat points and a xed base. The nonsmoothness of the θ(t) urve in gure 16 stems from the fat thatthe blok is airborne and impats while rotating.Remark 13. Consider as in setion 2.3 the issue that e∗n,1 = e∗n,2 = 0 is a ne-essary hoie to model perfet roking motion, i.e. roking where the orner thathits the ground stiks on it after the impat. Perfet roking is an idealisationand roking usually is only approximately performed: rebounds and slip ourat the impating orner before it stiks. Experimental results in the literaturereport roking motions with e∗n,i = 0.9 [6, 29, 48℄, whih seems to be in om-plete ontradition with the developments of setion 2.3. One an try to use akinemati restitution model to simulate approximate roking with en,i > 0. Themajor issue is then to orretly handle Coulomb's frition during the reboundphase, in partiular at the impats. The Darboux-Keller approah with energetirestitution oeients allows one to orretly model impats with frition. Wemay infer that the energeti law is useful to predit whether some partiular mo-tion will our for a ertain range of parameters and initial onditions, and thatthe kinemati law may be useful if fast simulation and time-stepping algorithmsare needed.Let us now investigate more deeply the kineti angle inuene by studyingthe ratio of the vertial veloities d ∆= ẏA(t+)
ẏB(t−)
after an impat at B while theblok rotates without slip around A. This ratio provides an estimation on howmuh energy is transferred from B to A, whih may be thought of as a form ofenergy dispersion in the blok. It is noteworthy that the rst impat is the only2-impat, sine the rebound phase that may follow it involves simple impatsonly. Here we study the dependene of d on the aspet ratio, the frition andthe restitution, i.e. d(e∗n, lL , µ, µs). In order to separate the eet of dissipationRR n° 7580
Planar roking-blok 40from the other eets we rst fous on d(1, l
L




, µ, µs)) are depited for various values of µ and
µs. The dashed line on eah gure represents the value of cos(θ12). The initialdata are zero veloity and θ(0) = 0.12 rad, and m = 2 kg. In all simulations









2 . The stationarity is explained by the fat that one µand µs are large enough, the ontat/impat points always stik (no slipmodes exist) and inreasing the frition does not hange the dynamis. One sees in gure 18 that in the fritionless ase there is a simple andremarkable relation between d(1, l
L
, 0, 0) and cos(θ12). This is howeverlost when frition is present. The θ(t) response is depited on gure 19 for xed frition µ = 0.6, µs = 1(hene stik always ours) and varying aspet ratio l
L
, so that one anvisualize the blok's motion that ours after the rst 2-impat. After therst impat the blok beomes airborne before it ollides again with theground. When frition is present but small enough, there exist slip and stik phasesof motion. This reates some unstable behaviours as seen on gures 17() and 17 (d) with a jump in d(1, l
L
, µ, µs) at some lL . This jump shrinkswhen frition is zero and when frition is large enough. In the rst aseit shrinks in the asymptoti part on the right of the urve, in the seondase it shrinks in the ritial minimum point.Remark 14. The papers [14℄ and [33, 71℄ deal with the dynamis of a dimerthat bounes on a vibrating table, with frition. In both papers it has been shownthat the dimer's motion also possesses a ritial aspet ratio that determines twodierent types of dynamial behaviours (see gure 11 in [71℄ and gure a (a)in [14℄). Though the kineti angles are not used in these papers, these aspetratios orrespond to some ritial kineti angles of the dimer's onstraints as wesaw in remark 2 for the planar blok. The results in this setion show that thefree-roking motion of a planat blok also exhibits some ritial kineti angles.In gure 20 the dispersion fator d is depited as a funtion of l
L
, with
µ = 0.3 and µs = 0.5, for three dierent values of e∗n. It is remarkable thatthe normal dissipation has no eet on the global shape of the urve, and thatthe minimum is independent of e∗n. This leads one to infer that only the aspetration and the stik/slip phenomena may play a role. The gure 21 depits thehorizontal veloity of the impating point A for various aspet ratios, beforeand after the impat. One sees from gure 21 (b) that there are three distintregions in the ( l
L
, d) urves for the tangential behaviour during the impat:RR n° 7580
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L(a) µ = µs = 0, e∗n = 1.


















L(b) µ = 0.01, µs = 0.02, e∗n = 1.



































(d) , , .
(e) , , .
(f) , , .Figure 17: Dispersion with varying frition.
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L(b)Figure 18: Dispersion with µ = µs = 0, e∗n = 1.
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(b)Figure 19: θ(t) response, µ = 0.6, µs = 1.
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Figure 20: Dispersion d with varying e∗n. slip with tangential veloity reversal for at bloks, slip with unidiretional tangential veloity for moderately slender bloks, stik for slender bloks.The Darboux-Keller approah allows one to ompute the veloities evolutionduring the impat, where the time-sale is the ontat fores impulse (in aseof a multiple impat this is the impulse at the so-alled primary ontat point,see [31℄ for details).In gure 22 are reported the values of d omputed from the tted parametersfound in setion 6 where experimental results from [46, 29, 17℄ are used. Thetted parameters are used to ompute d from the simulations. Sine thereis a good mathing with the experimental results one may onsider that theomputed d mathes with the experimental ones, though they are not diretlyavailable from measurements. Unfortunately only few data are available, inpartiular we have no results for at bloks.5.2 Roking motionsIn this setion it is proved that the LZB model allows one to simulate an in-teresting set of dierent dynamial behaviours of the planar bolk. Let us nowexamine Figures 23 to 28. The simulations are done for l
L
= 5. From gures23 (a) to 24 it is apparent that if frition is large enough, e∗n = 0.9 yields somekind of marosopi roking, where eah phase of roking motion starts with aphase of impats with stik/slip motion, before the impating orner stabilizeson the ground. Dereasing e∗n to 0.3 also dereases the impating phase durationand magnitude, as shown in gures 25 to 26. The importane of having a highRR n° 7580
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k 45

















(a) Veloities before the impat




















(b) Veloities during the impatFigure 21: Horizontal veloity at A.
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(a) From the experimental data in [46℄ (tted param-eters).


























(b) From the experimental data in [29℄ (tted param-eters).

























() From the experimental data in [17℄ (tted param-eters).Figure 22: Dispersion and experimental data.RR n° 7580
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(a) Horizontal veloity of A and B.



































(b) Vertial position of A and B.Figure 23: e∗n,1 = e∗n,2 = 0.9, µ1 = µ2 = 0.3, µs,1 = µs,2 = 0.5.enough frition is illustrated in gures 27 (a) to 28. In gure 27 (b) one seesthat the impating orner does not stabilize quikly enough on the ground, sothe ontat point does not stik (ompare gures 23 (a), 25 (a) with gure 27(a)). The result is that the blok has a global motion that is no longer of theroking type as is apparent in gures 24 and 26, but of the forward type asin gure 28: the blok's enter of mass advanes on the ground. This leads usto propose that a blok's motion may be named of the roking type if its massenter trajetory has the shape as in gures 24 and 26. A riterion based onsome distane with respet to the ideal roking may then be used. Notie thatin gure 27 (a) the two urves for A and B are idential, so the dashed urvefor B is not visible.Let us now turn our attention to gures 29 and 30. The gure 29 depits thevalues of r whih are omputed from gures 23 (a) and 23 (b). As noted aboveroking ours with impat phases eah time a orner hits the ground. TheRR n° 7580
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Figure 24: Trajetory of the mass enter, with e∗n,1 = e∗n,2 = 0.9, µ1 = µ2 = 0.3,
µs,1 = µs,2 = 0.5.restitution r is omputed with the values of θ̇(t+) and θ̇(t−) at the rst impat.From gure 29 it follows that r is not onstant from one impat to the next, how-ever the variation is quite small within [0.8907, 0.8903] and the variations maybe attribuated to numerial approximations. Figure 30 reports the evolution of
r with e∗n, where an averaged value of r is omputed for eah roking motion.For l
L
= 5, the value of r predited by the moment of momentum onservation(see the table 1 in setion 2.7) is equal to r = −0.942. This value oinideswith the value of r in gure 30 for e∗n = 0. r dereases when e∗n inreases,whih may at rst sight look ounter-intuitive. The largest relative error for
e∗n = 0.9 (whih is a ommon value reported in experimental results [29, 45℄)is of 6%. In view of the dynamis of gures 23 and 25 (b) the result is easilyexplained: the impating phase vanishes as e∗n dereases so that the dynamistends to that of the ideal roking motion with maximum dissipation, where theimpating orner perfetly stiks after the shok. When e∗n,1 = e∗n,2 = 0.9 theimpating phase with stik/slip dissipates energy. In fat one may onludethat the energy is either dissipated in one shot if e∗n,1 = e∗n,2 = 0, or after animpating transient if e∗n,1 = e∗n,2 = 0.9. This might explain why a kinematialrestitution law with en,1 = 0 is suient if one is interested only in a rudeapproximation of the blok's motion, with a orret estimation of the energydissipation with a oeient en,21 = −r. The underlying assumption is thenthat roking does our. A major issue, whih an be solved only numeriallyin view of the omplexity of the phenomena and of the number of parameters,is to determine the onditions under whih roking ours. Later in this paperwe shall fous on the overturning issue in a dynamial situation.
RR n° 7580
Planar roking-blok 49





































(a) Horizontal veloity of A and B.



































(b) Vertial position of A and B.Figure 25: e∗n,1 = e∗n,2 = 0.3, µ1 = µ2 = 0.3, µs,1 = µs,2 = 0.5.
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Figure 26: Trajetory of the mass enter, with e∗n,1 = e∗n,2 = 0.3, µ1 = µ2 = 0.3,





2 for high enough frition) is exhibited. This value allows one to splitthe planar bloks into two lasses: at and slender bloks, depending on l
L
.Despite the role of the kineti angle for fritionless onstraints has been identi-ed sine a long time in the literature on multiple impats (in relation with theproperty of ontinuous dependene on initial onditions), its role when multi-valued Coulomb's frition is onsidered is less studied. This work and the studyon the dimer's dynamis prove that even in the presene of frition some ritialkineti angles (equivalently, some ritial aspet ratios) do exist. They maybe quite useful to split the bloks into dierent lasses whih share the samedynamial properties.6 Comparisons with free-roking experimental dataIn this setion it is proved that the LZB model is easily tted to provide orretpreditions of free-roking motions, with xed base. Three dierent sets ofexperimental results are used, from [46℄, [29℄ and[17℄. The omparisons withRR n° 7580
Planar roking-blok 51



































(a) Horizontal veloity of A and B.



































(b) Vertial position of A and B.Figure 27: e∗n,1 = e∗n,2 = 0.9, µ1 = µ2 = 0.01, µs,1 = µs,2 = 0.02.
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Figure 28: Trajetory of the mass enter, with e∗n,1 = e∗n,2 = 0.9, µ1 = µ2 = 0.01,
µs,1 = µs,2 = 0.02.












the number of impactFigure 29: r as a funtion of the impat number, e∗n,1 = e∗n,2 = 0.9, µ1 = µ2 =
0.3, µs,1 = µs,2 = 0.5.RR n° 7580
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king-blo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eFigure 30: r as a funtion of e∗n, µ1 = µ2 = 0.3, µs,1 = µs,2 = 0.5.the data in [45, 46℄ are done from the aurate experimental data (not availablein the papers but provided to us by the authors), whereas those with the datain [29℄ and[17℄ are made only from the gures available in the papers and aretherefore less aurate and more qualitative.6.1 Experimental data in Pena et al [46℄Experimental data led on blue granite stone bloks are reported in [46℄. Inthis setion we provide detailed omparisons between the numerial simulationsobtained with the LZB model of setion 3 and the experimental data of [46℄3 Thetests onern four speimens of bloks with ratios l
L
= 10.25 = 4 and thikness
d = 0.754m (speimen 1), 10.17 = 5.88 and thikness d = 0.502m, (speimen 2),
1
0.12 = 8.33 and thikness d = 0.375m (speimen 3), 0.4570.16 = 2.85 and thikness
d = 0.750m (speimen 4), where l and L are in meters. Speimen 3 is the mostslender one with the smallest thikness, and is of the tower type. Speimen 4 isthe less slender one with the largest thikness and is of the slie type.6.1.1 The θ(t) responseLet us now study the θ(t) response of the bloks. The results are depited ingures 31, 32, 35, 37 for speimens 1, 2, 3 and 4 respetively. The orrespondingresponses yA(t) and yB(t) are in gures 33 and 34. The tted parameters are
e∗n,i = 0.999 for speimen 2 in gure 32, and e∗n,i = 0.97 for the rst 10 impatsand e∗n,i = 0.88 for the last impats, for speimen 1 in gure 31. For speimen4 the tted values are e∗n,i = 0.99 for the rst 4 impats, e∗n,i = 0.84 betweenimpat 5 and impat 8, and e∗n,i = 0.99 for the last impats. The tted dimen-sions are l
L
= 10.23 ≈ 4.35 for speimen 1 and lL = 10.155 = 6.45 for speimen2, l
L
= 0.4570.10 = 4.57 for speimen 4. The results for speimen 3 are depited in3All the data orresponding to the omparisons presented in this setion have been madeavailable to us by Dr F. Pena from UNAM, Mexio. We have therefore been able to makeaurate omparisons between the numerial and the experimental data.RR n° 7580
Planar roking-blok 541 2 3 4Geometri width 0.24 0.16 0.11 0.15Experimental width 0.2394 0.1645 0.1552 (3D) 0.1255Width in simulations of [46℄ 0.2468 0.1696 0.1196 0.1464Width in LZB model 0.23 0.155 3D we do not 0.10Table 2: The various widthes.gures 35 and 36. In gure 35 the magnitudes of the osillations are orretlypredited with the same restitution as for the tted values of speimens 1 and2, i.e e∗n,i = 0.999, however there is a shift in the osillations pseudo-period.The parameters are varied in gure 36 with a smaller restitution oeient andwidth, but this does not hange muh the result (see the omments below). Theresults for speimen 4 are in gure 37. In this ase we had to swith e∗n twie toobtain a good mathing. In Tables 3 to 8 are reported some data on the impattimes and the maximal amplitudes that orrespond to the θ(t) responses forspeimens 1, 2 and 4. All these results show that the LZB model has very goodpredition apabilities. The large errors for speimen 4 in Table 8 are due tosome imperfet measurement data at the peaks and should not be onsidered assigniant results. This is visible in the gures 38 where few peaks are zoomed.Suh issues are ommon in experimental data and do not all into questionneither the experimental data from [45, 46℄ nor our omparison results.Unertainties in e∗n It happens that the roking motion is highly sensitiveto parameters variations, whih renders the alibration of the parameters adeliate proess. In gure 40 (a) is depited the θ(t) response for speimen2, with e∗n,i = 0.95, whih represents a variation of 4.9% with respet to thetted value e∗n,i = 0.999 in gure 32. This e∗n,i value produes an error of 3%in the predition of r, see gure 42 and the table 9. The same is done in gure40 (b) with e∗n,i = 0.99, whih represents a variation of 1% with respet tothe tted value. It is apparent that a very small variation on e∗n,i produes alarge mismath in the θ(t) response. This means that the relative errors onthe omputed values of r as in gure 42 annot be used as a riteria to deidewhether or not a model is good, beause very small variations on the restitutionprodue unaeptable errors in the time response.Unertainties in the width L The sensitivity of the θ(t) response w.r.t.variations in l
L
is shown in gure 41 (a) for speimen 2, and in gure 41 (b)for speimen 4. The values for e∗n,i are the tted ones. It follows that theunertainty in the width L aets mainly the pseudo frequeny of the osillationsand has little eet on the magnitudes. This is in ontrast with unertaintieson e∗n,i whih aet both the frequeny and the magnitude, see gure 40 (a).The various widthes whih enter the study are reapitulated in Table 2. Thegeometri widthes are those measured on the bloks. The experimental widthesare obtained from an estimation proess, see setion 4.1 in [45℄. The other twosets of widthes are obtained by the tting the parameters.
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Figure 31: Numerial vs experimental values of θ(t), speimen 1. e∗n = 0.97 and
0.88, l = 1m, L = 0.23m.
Impat no Experiment IT (s) Numerial IT (s) Absolute error Relative error in %1 0.279 0.279 0 02 0.647 0.637 0.01 1.53 0.977 0.958 0.019 1.944 1.293 1.278 0.015 1.165 1.578 1.567 0.011 0.706 1.855 1.825 0.03 1.627 2.097 2.092 0.005 0.248 2.336 2.334 0.002 0.099 2.570 2.545 0.025 0.9710 2.745 2.770 0.025 0.9711 2.928 2.956 0.028 0.9612 3.104 3.114 0.01 0.3213 3.256 3.262 0.006 0.1814 3.406 3.399 0.007 0.2015 3.538 3.526 0.012 0.3416 3.665 3.641 0.024 0.65Table 3: The data of gure 31, speimen 1, impat times (IT).RR n° 7580
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Peak no Experiment MA Numerial MA absolute error Relative error in %1 -2.968 -2.968 0 02 2.666 2.472 0.194 7.283 -2.271 -2.076 0.195 8.594 2.045 2.032 0.013 0.645 -1.794 -1.711 0.083 4.636 1.521 1.381 0.14 9.217 -1.352 -1.497 0.145 10.728 1.267 1.142 0.125 9.879 -0.986 -1.158 0.172 17.4410 0.846 0.885 0.039 4.611 -0.738 -0.716 0.022 2.9812 0.613 0.575 0.038 6.2013 -0.504 -0.491 0.013 2.5814 0.452 0.419 0.033 7.3015 -0.363 -0.358 0.005 1.3816 0.325 0.297 0.028 8.62Table 4: The data of gure 31, speimen 1, maximum amplitudes (MA).


















Figure 32: Numerial vs experimental values of θ(t), speimen 2. e∗n = 0.999,
l = 1m, L = 0.155m.RR n° 7580
Planar ro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Impat no Experiment IT (s) Numerial IT (s) Absolute error Relative error in %1 1.525 1.531 -0.006 0.392 2.347 2.442 -0.095 4.053 3.108 3.171 -0.063 2.034 3.785 3.861 -0.076 2.015 4.431 4.493 -0.062 1.406 5.019 5.082 -0.063 1.267 5.585 5.632 -0.047 0.848 6.105 6.158 -0.053 0.879 6.605 6.657 -0.052 0.7910 7.075 7.119 -0.044 0.6211 7.525 7.555 -0.03 0.4012 7.952 7.947 0.005 0.0613 8.362 8.323 0.039 0.4714 8.745 8.695 0.05 0.5715 9.123 9.061 0.062 0.6816 9.477 9.408 0.069 0.73Table 5: The data of gure 32, speimen 2, impat times (IT).
Peak no Experiment MA Numerial MA absolute error Relative error in %1 -6.516 -6.520 -0.004 0.062 5.582 5.542 0.04 0.723 -5.152 -4.925 0.227 4.414 4.574 4.404 0.17 3.725 -4.241 -3.962 0.279 6.586 3.846 3.626 0.22 5.727 -3.574 -3.299 0.275 7.698 3.280 3.111 0.169 5.159 -3.046 -2.843 0.203 6.6610 2.801 2.605 0.196 7.0011 -2.593 -2.342 0.251 9.6812 2.384 2.013 0.371 15.5613 -2.237 -1.825 0.412 18.4214 2.031 1.841 0.19 9.3515 -1.926 -1.768 0.158 8.2016 1.758 1.631 0.127 7.22Table 6: The data of gure 32, speimen 2, maximum amplitudes (MA).
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Figure 33: Numerial values of yC(t), speimen 1.Impat no Experiment IT (s) Numerial IT (s) Absolute error Relative error in %1 0.199s 0.195s 0.004 2.012 0.403 0.406 -0.003 0.743 0.592 0.599 0.007 1.184 0.764 0.776 -0.012 1.555 0.925 0.937 -0.012 1.306 1.070 1.081 -0.011 1.037 1.208 1.213 -0.005 0.418 1.333 1.335 -0.002 0.159 1.449 1.446 0.003 0.2110 1.556 1.548 0.008 0.5111 1.659 1.643 0.016 0.9612 1.751 1.741 0.01 0.5713 1.841 1.831 0.01 0.5414 1.921 1.924 -0.003 0.16Table 7: The data of gure 37, speimen 4, impat times (IT).RR n° 7580
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Figure 34: Numerial values of yC(t), speimen 2.
















Figure 35: Numerial vs experimental values of θ(t), speimen 3, e∗n,i = 0.999,
l = 1m, L = 0.12m.RR n° 7580
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Figure 36: Numerial vs experimental values of θ(t), speimen 3, e∗n,i = 0.97,
l = 1m, L = 0.115m.
















Figure 37: Numerial vs experimental values of θ(t), speimen 4, e∗n,i = 0.99,and 0.84, l = 0.457m, L = 0.10m.RR n° 7580
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() Speimen 4Figure 38: Zooms on the θ(t) response.RR n° 7580
Planar roking-blok 62
Peak no Experiment MA Numerial MA absolute error Relative error in %1 2.201 2.200 0.001 0.042 -1.789 -1.869 -0.08 4.473 1.626 1.594 0.032 1.974 -1.315 -1.363 -0.048 3.655 1.178 1.155 0.023 1.956 -0.962 -0.932 0.03 3.127 0.953 0.794 0.159 16.688 -0.749 -0.675 0.074 9.889 0.682 0.572 0.11 16.1310 -0.525 -0.485 0.04 7.6211 0.512 0.421 0.091 17.7712 -0.376 -0.447 -0.071 18.8813 0.408 0.385 0.023 5.6314 -0.295 -0.399 -0.104 35.25Table 8: The data of gure 37, speimen 4, maximum amplitudes (MA).


















Figure 39: Numerial values of yC(t), speimen 4.RR n° 7580
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(a) e∗n,i = 0.95


















(b) e∗n,i = 0.99Figure 40: Sensitivity of the θ(t) response w.r.t. variations in e∗n,i (speimen 2).
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(b) Speimen 4Figure 41: Sensitivity of the θ(t) response w.r.t. variations in L.
RR n° 7580






2n (42)where the an are the magnitudes of the blok's orientation θ(t), n is theimpat number. This expression is dedued from the energy at the nth impatas a funtion of the initial energy and r. This is also used in [17℄ to ompute theenergy of various roking bloks (gures 15, 16, 17 in [17℄). We shall use thisway of omputing r in gures 42, 43, 44, 45 and 46. The angular restitution ris alulated diretly from the ratios θ̇(t+)
θ̇(t−)
in gures 43 (b), 44 (b), 45 (b). Thelatter are not available from the experimental data, but only from our numerialsimulations with the LZB model in the previous setion. However sine theyare alulated with the tted parameters the omputed values should be loseto the experimental ones.As we have seen above (see gure 29) it may be expeted that r variesvery little from one impat to the next during a roking motion. Choosing theparameters indiated in [46℄ for speimens 1, 2, 3 and doing the same alula-tions enables us to ompute an rLZB (denoted as LZB model in gure 42) thatompares with rexp. The results are reported in gure 42 for the three spe-imens of bloks studied in [46℄. The numerial results have been obtained bysetting dierent values for e∗n,i, µ = 0.3 and µs = 0.5 (the experimental valuebeing µs = 0.577) and the masses indiated in [46℄: m ≈ 503, 228, 120 kg re-spetively4. The LZB model provides a good estimation of rexp, the relativeerrors being reported in the table 9. In gure 46 are depited the values of rexpand rLZB omputed with the parameters tted so that the experimental andnumerial θ(t) urves math5: the values for rLZB and rexp are almost equal.In gures 43 (a), 44 and 45 are depited the values of rLZB and rexp with thetted parameters. It is seen that r is almost onstant from one impat to thenext. The st values of rexp and rLZB may be smaller than the other ones: thisis explained by the absene of a rebound phase after the rst impat, see gure34, 39. In gures 43 (b), 44 (b), 45 (b) are depited the values of −r = θ̇(t+)
θ̇(t−)






















Figure 42: Numerial vs experimental values of the angular restitution oe-ient.
















(a) From the estimation proess.













the number of impact(b) From θ̇(t+)
θ̇(t−)Figure 43: Numerial and experimental values of the angular restitution oe-ient (speimen 1 with tted parameters).RR n° 7580
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e∗n,i 0.999 0.99 0.95 0.90 0.85
rexp−rLZB
rexp
(speimen 1) -0.64 % -1.41 % 1.96 % 2.53 % 2.56 %
rexp−rLZB
rexp
(speimen 2) 0.81 % 0.86 % 3.27 % 3.29 % 3.50 %
rexp−rLZB
rexp
(speimen 3) -0.07 % -0.05 % 5.52 % 5.97 % 6.31 %
rexp−rLZB
rexp
(speimen 4) -3.00 -2.5 -0.20 3.1 3.45Table 9: Relative errors on r.















(a) From the estimation proess.










the number of impact(b) From θ̇(t+)
θ̇(t−)Figure 44: Numerial and experimental values of the angular restitution oe-ient (speimen 2 with tted parameters).
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LZB model(a) From the estimation proess.











the number of impact(b) From θ̇(t+)
θ̇(t−)Figure 45: Numerial and experimental values of the angular restitution oe-ient (speimen 4 with tted parameters).















Figure 46: Numerial vs experimental values of the angular restitution oe-ient (tted parameters).RR n° 7580
Planar roking-blok 696.1.3 CommentsSome omments arise: The values for e∗n (0.999 or 0.99) are large values, sine other works on sin-gle granite/granite impats without frition report values of the restitutionoeient ≈ 0.86 [24℄. However it is also known from many experimentalresults that the restitution oeient usually tends to 1 when the initialrelative veloity tends to zero, see e.g. [60℄. In the presented results thenormal relative veloity is very small (about 0.02 m/s). This may explainthis high value for e∗n. This reinfores one again the apparent paradoxthat the kinemati model tends to represent roking with en = 0, see re-mark 5. Reall that for speimen 2 the planar roking assumption is wellrespeted, where no three dimensional eets ould be notied experimen-tally in [46℄. The derease of the tted value for e∗n for speimen 1 may be explainedby some damage that has ourred on the ontat points after the tenthimpat (t ≈ 2.7s), implying more dissipation. Indeed it is indiated insetion 7 of [45, 46℄ that speimen 1 was damaged after the rst tests. Sinethese experimental data are not ours we are unable to more auratelydetermine the soure of this neessary variation of e∗n. The same proessof dereasing e∗n has been neessary for speimen 4 in gure 37, whih isof the slie type. It is possible that the line ontat assumption is notperfetly satised experimentally due to the large thikness. Only a studyon the impat fore shape on the ontat surfae ould bring an answer.But this is outside the sope of this study. The results in gures 41 are important beause they diretly relate to theunertainty on the values of the width L (equivalently l
L
or the angle α)that may our due to impat line or surfae eets. These eets are inturn linked to the denition of the distane between the blok and theground, i.e. to the denition of the unilateral onstraints, whih are anessential ingredient in suh a rigid body approah. This leads us to denedierent kinds of widthes: the geometri width and the eetive width.The geometri width is the blok's width when the blok is retangular,i.e. L in gure 1. The eetive width orresponds to the position of someequivalent ontat points suh that a blok with a onave base wouldbehave as the blok with a line base. The geometri widthes of the abovefour bloks are those reported in Table 2 of [46℄ and are 0.25 m, 0.17 m,0.12 m and 0.16 m for speimens 1, 2, 3 and 4 respetively. The eetivewidthes that we found by tting the parameters are 0.23 m, 0.155 m, 0.115m, and 0.10 m respetively. These widthes an be equivalently expressedin terms of the ritial angle α. One then nds the geometri values of αas ??, ??, ??, ?? for speimens 1, 2, 3, 4, and the eetive values are ??,??, ??, ??. These values are to be ompared with those given in Table 3in [46℄ and [45℄. In [46℄ the experimental value of the angle α is obtainedfrom a minimization proess whose entries are the times of the maximumamplitudes and the maximum amplitudes. The results are 0.235, 0.163,0.154, 0.268 for speimens 1, 2, 3 and 4 respetively.RR n° 7580
Planar roking-blok 70If however the rebound phases do not nish before the impat ours atthe other orner (like in gures 33 and 34 for speimens 1 and 2) then theline eet is irrelevant. It is somewhat surprizing that there may be roking without 2-impats, ifthe rebound phases do not vanish like in gures 33 and 34. In all the simulated ases the frition oeients (during and outside im-pats) are suh that the ontat points are almost always stiking. This isin aordane with the experiments of [46℄ where no sliding was observedduring the roking motions. Therefore the energy loss may be tuned onlywith e∗n,i. The important phenomenon is not the stik/slip behaviour butthe existene of the rebound phases before the impating orner stabilizeson the ground. It has been shown in [46℄ that speimen 3 that is of the tower-blok typeis prone to signiant three dimensional eets like torsional eets andfrition at the base. This explains why our planar model ould not satis-fatorily reprodue the experimental θ(t) response (gures 35 and 36). The fat that r is onstant during the roking motion means that a kine-mati law like the one in setion 2.3.4 (entry (3,3) in the table 1 of setion2.7) an be used, provided that en,21(= −r) an be hosen within therequired interval. However an important part of the dynamis like therebound phases after the rst impat, may be missed in many instanesof slender bloks. We infer that this kinemati law does represent theroking motion only when there is perfet stiking at impats and outsideimpats, and when the rebound phases vanish (suh ases exist, see [29℄with l
L
= 8). We reiterate also that suh a law does not permit to preditthat suh a partiular motion will our, it an just be tted a posteriori.6.2 Experimental data of Lipsombe et al [29℄Other experimental data obtained with steel bloks/steel foundation are re-ported in [29℄, for l
L
= 1 (speimen 1), 2 (speimen 2), 4 (speimen 3) and 8(speimen 4). Figures 5, 6 and 7 in [29℄ show that marosopi roking oursfor l
L
= 2, 4 and 8. However perfet roking where the ontat points stikafter the shok, is obtained only for l
L
= 8. For the other two values, the systembeomes airborne after the rst impat at B, then undergoes several impats at
B while still airborne. For l
L
= 4 this sequene of impats at B while airbornebeomes muh smaller, then disappears for l
L
= 8. From a qualitative point ofview, this indiates that perfet roking ours only for large enough l
L
. Thisalso onrms that the impat phases whih are visible for instane in gures 23(b), 33 and 34 do exist experimentally. Thanks to the small size of the bloks,values of e∗n,i have been measured and found to be lose to 0.9 in [29℄. Howeverthese values were measured in gure 11 of [29℄ for relative approah veloitieswithin [0.1, 0.4] m/s, whih may be too large values for roking motions, espe-ially when the energy has dissipated suiently. Thus we have to t e∗n oneagain. The tted values are e∗n = 0.5 for speimen 1, e∗n = 0.9 for speimen 2,
e∗n = 0.98 for speimens 3 and 4. The numerial results are depited in gures 47(a), 48 (a), 49 (a) and 50 (a). The frition oeients are µ = 0.16 and µs = 1.3RR n° 7580
Planar roking-blok 71for the rst three bloks, and µ = 0.13 and µs = 0.28 for the most slenderblok. The dashed urves in gures 47 (b), 50(b) and 49 (b) orrespond to thesimulations made in [29℄ with the so-alled SRM (Simple Roking Model). TheSRM uses the Housner's angular veloity oeient of restitution as in (26).Some omments arise: The qualitative behaviour of the four bloks dynamis is well reprodued. Speimen 1 does not rok but performs half-roking with two impatsbefore oming to rest, see gure 47. This is the only example of atblok we were able to nd in the literature, with experimental data. The rebounds phase ours during the whole motion for speimen 1,then its duration dereases for speimens 2 and 3 until it vanishes forspeimen 4, see gures 48, 49 and 50. The impats during the rebounds phases are well reprodued. Forspeimen 1 there is a rst impat at B followed by rebound of B, then
A detahes also from the ground and the blok is airborne during aertain time. Then a series of impats at B ours again beforeomplete rest (gures 47 (a) and 47 (b)). For speimen 2 the impatsat B are equally distributed during the roking phase (gures 48 (a)and 48 (b)). For speimen 3 the rebound phase at B beomes shorterwith more impats onentrated on the right of the rst impat time(gures 49 (a) and 49 (b)). For speimen 4 the rebound phasesredues to the rst impat at B (gures 50 (a) and 50 (b)). The possibility of prediting airborne phases is quite important inmany appliations and is one soure of strong limitation of the basiHousner's approah with angular veloity restitution [66℄. The tted values for e∗n are in agreement with the experimental valuesprovided in [29℄ whih are lose to 0.9, exept for speimen 1 where alarge disrepany exists. Due to the lak of auray on the data provided in the upper parts ofgures 5, 6, 7 in [29℄ whih onern the long term θ(t) responses, it wasimpossible to get a mathing between numerial and experimental dataas good as the one in setion 6.1 for the evolution of θ(t) over a long pe-riod. Consider for instane the upper gure 7 of [29℄, that is reproduedin gure 51 (a) for onveniene. An initial angle θ(0) ≈ 0.125 rad is de-pited, however this is larger than the ritial angle α alulated from thedimensions whih are given on page 1391 of [29℄. There is onsequently astrong mismath between the data and the presented experimental resultsin that paper, whih we annot understand without having aess to moreinformations. To be more onrete, we have even been unable to orretlysimulate the blok's motion before the rst impat for speimens 2, 3 and4 whih rok, despite the dynamis on this period is simply that of aninverted pendulum. So the subsequent θ(t) responses were nonsense. Thesame is for the upper part of gure 6 in [29℄ whih is reprodued in gure51 (b). The simulations reported in [29℄ are the dashed urve of gure 51(b) that is not initialized as the experimental system, indiating that theremay have been signiant unertainties during the experiments. The fatRR n° 7580
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(a) simulation, e∗n,i = 0.5, l = 0.0458m, L = 0.0458m.
(b) gure 4 in [29℄).Figure 47: Responses for speimen 1, l
L
= 1.that we are able to qualitatively reprodue important phenomena is to beonsidered as the best results we ould get.6.3 Experimental data of Elgawady et al [17℄Experimental results led on dierent types of bloks impating three types ofgrounds are reported in [17℄. The omparisons are made with the onrete baseRR n° 7580
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(a) simulation, e∗n,i = 0.9, l = 0.0916m, L = 0.0458m.




























(a) simulation, e∗n,i = 0.98, l = 0.2032m, L = 0.0508m.




























(a) simulation, e∗n,i = 0.98, l = 0.4064m, L = 0.0508m.





(a) Figure 7 in [29℄
(b) Figure 6 in [29℄).Figure 51: Responses for speimens 4 and 3 in [29℄.
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Planar ro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k 77material AR3-C and AR5-C (see Table I in [17℄). The frition oeients are
µ = 0.3 and µs = 0.577 (same hoie as in setion 6.1 whih guarantee no slidingduring the impats and outside the impats). The speimen AR3-C has l
L
= 3and the speimen AR5-C has l
L
= 5, so they are slender bloks. The valuesused in the simulations are indiated in the gures. The responses are given for
Φ(t) = θ(t)
α
. The results are depited in gures 52 to 55. It is important to notethat ontrarily to the experiments in [46℄ that were led with bloks free to slideon the base, in [17℄ a speial mehanism with rollers and pin joints xed to thebase has been implemented on the bloks to prevent sliding. This mehanismalso seures that there are no three dimensional eets. In gures 56 (a) (b)and 56 () (d) are depited the values of r obtained from the simulations. Intables 10 to 16 are reported some data obtained from the orresponding guresin [17℄. They are of ourse approximated values. Some omments arise: The results have been obtained with e∗n,i = 0.8. The mathing between theexperimental and the numerial results is quite good, exept for AR5-Cwith initial angle θ(0) = 0.5 rad in gure 52. For this speimen and initialangle, the LZB predits too large magnitudes (see table 10), and too lowfrequeny of the osillations. We have not been able to understand thereason why. It is noteworthy that two dierent initial angles θ(0) are tested, and thatthe same parameters (restitution and frition) have been used for both.This onrms that the LZB model, despite it is a rigid body approah,supersedes kinemati laws where the parameters ususally depend on theinitial data. The approximated numerial values that orrespond to eahgure 52 to 55 are reported in the tables 10, 11, 12 and 13, respetively,for the maximum magnitudes. The mathing for the pseudo-frequeny of the osillations is quite goodexept for the speimen AR5-C with θ(0) = 0.5 rad. In partiular one seesthat the stabilisation times are well predited by the LZB model in eahase. The mathing for the osillations magnitudes is good in all ases.The results are reported in tables 14, 15 and 16 with the impat times.For speimen AR5-C in gure 52 the LZB model predits 11 impatsbefore t = 4s, and the experiments indiate 14 impats; for speimenAR3-C in gure 53 the LZB model predits 11 impats before t = 2s, andthe experiments indiate 12 impats; for speimen AR5-C in gure 54 theLZBmodel predits 14 impats before t = 3s, and the experiments indiate14 impats; for speimen AR5-C in gure 52 the LZB model predits 10impats before t = 1.4s, and the experiments indiate 11 impats. From gures 56 (a) (b) and 56 () (d) it follows that r is almost onstantalong the roking osillations, as notied previously with other test ases.This onrms that if one knows in advane that roking ours, thenthe kinemati restitution law of setion 2.3.4 an be used. The averagednumerial values for the speimen AR5-C are omputed as r = 0.8921(gure 56 (a)) and r = 0.8916 (gure 56 ()). The averaged values forthe speimen AR3-C are r = 0.7294 (gures 56 (b) and 56 (b)). Theratios r
rH
where rH is the Housner angular restitution oeient in (26)are r
rH
= 0.9467 and r
rH
= 0.9462 for speimen AR5-C, and r
rH
= 0.8581RR n° 7580
Planar roking-blok 78Peak number LZB model Experiments1 -0.42 -0.382 0.35 0.303 -0.30 -0.254 0.25 0.205 -0.20 -0.166 0.19 0.127 -0.16 -0.118 0.12 0.9Table 10: Peak magnitudes, gure 52.for speimen AR3-C 6. In Table II in [17℄ it is reported the values 0.975for speimen AR5-C and 0.981 for speimen AR3-C. We infer that theexperimental and LZB numerial values are in good mathing, in vieqw ofthe fat that the experimental values are prone to unertainties and arethemselves averaged values over several sets of experiments. The gure 57 is a opy of gure 18 (b) in [17℄. It ompares the resultsobtained with the kinemati law using the angular restitution oeient rin (26) (denoted as SRM), with the results obtained with o.975r (denotedas r = 0.975rH), and the experimental results for speimen AR5-C (sameexperimental results as in gure 52 (b)). The Housner oeient providesvery bad results, and the orreted Housner oeient is better with om-parable results to those of gure 52 with the LZB model. In view of thefat that when perfet stiking ours r is almost onstant along the θ(t)response, this result is expeted. It is however noteworthy that we alsoould not math the experiments reported in gure 52 (b). It follows from the kinemati law analysis that the Housner oeientof restitution |rH | = 2l2−L22L2+2l2 is not the most dissipative one in ase ofslender bloks with l ≥ √2L, see setion 2.3.4 and entry (3,3) in thetable of setion 2.7. Interestingly it has been shown in [17℄ on a test asewith l
L
= 5, named AR5-R4 in Table I in [17℄, that rH does not dissipateenough energy to orretly predit the AR5-R4 blok's roking motion, seegure 18 (a) and gure 19 (b) in [17℄. This speimen is a masonry blokimpating a rubber surfae. The most dissipative kinemati oeient isequal to en,21 = |r| = l2−2L24L2+l2 = 0.7931 with lL = 5, whereas rH = 0.9423(see gure 30). Therefore r = 0.84166rH, that is stritly larger than thevalue hosen in [17℄ r = 0.815rH for the omputations of gure 18 (a)and 19 (b) in that paper. Relying on the data in gure 30 it follows thatthe minimum value of r whih the LZB model is able to predit with thehosen frition is r = 0.89. It is inferred that the energy dissipated by therubber, assoiated to an hystereti deformation, annot be handled by ourimpat model.6rH = 0.9423 for speimen AR5-C with lL = 5 and rH = 0.8581 for speimen AR3-C with
l
L
= 3.RR n° 7580
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(a) simulation, e∗n,i = 0.8, l = 4.9L, L = 0.19m.
(b) gure 9 (a) in [17℄).Figure 52: Responses for speimen AR5-C.Peak number LZB model Experiments1 -0.31 -0.302 0.20 0.193 -0.15 -0.134 0.10 0.085 -0.08 -0.076 0.05 0.045Table 11: Peak magnitudes, gure 53.RR n° 7580
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(a) simulation, e∗n,i = 0.8, l = 3L, L = 0.19m.
(b) gure 9 (b) in [17℄).Figure 53: Responses for speimen AR3-C.
RR n° 7580
Planar roking-blok 81

















(a) simulation, e∗n,i = 0.8, l = 4.9L, L = 0.19m.
(b) gure 10 (a) in [17℄).Figure 54: Responses for speimen AR5-C.
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(a) simulation, e∗n,i = 0.8, l = 3L, L = 0.19m.
(b) gure 10 (b) in [17℄).Figure 55: Responses for speimen AR3-C.
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the number of impact(a) Data from gure 52 (a)












the number of impact(b) Data from gure 53 (a)









the number of impact() Data from gure 54 (a)








the number of impact(d) Data from gure 55 (a)Figure 56: Values of the angular restitution .
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Figure 57: Comparison between experimental and numerial results with kine-mati law (Housner angular restitution) (gure 18 (b) in [17℄).Peak number LZB model Experiments1 -0.21 -0.212 0.17 0.173 -0.15 -0.154 0.13 0.115 -0.10 -0.106 0.08 0.0757 -0.075 -0.078 0.06 0.0559 -0.05 -0.0510 0.045 0.045Table 12: Peak magnitudes, gure 54.6.4 ConlusionsThe above results show that the LZB model is rih enough to reprodue a varietyof blok's motions. For the purely planar blok we have shown that the kinetiangle θ12 between the two unilateral onstraints plays a signiant role in theblok's dynamis, both in the fritionless and the fritional ases. This wasexpeted in vew of some previous mathematial results on the disontinuity ofthe trajetories w.r.t. the initial onditions. It seems that the bloks may belassied as follows:RR n° 7580
Planar roking-blok 85Peak number LZB model Experiments1 -0.17 -0.162 0.12 0.113 -0.08 -0.084 0.06 0.065 -0.04 -0.046 0.025 0.025Table 13: Peak magnitudes, gure 55.Impat number LZB model Experiments1 0.27s 0.25s2 0.65s 0.60s3 0.95s 0.85s4 1.2s 1.1s5 1.4s 1.25sTable 14: Impat times, gure 53.Impat number LZB model Experiments1 0.20s 0.30s2 0.60s 0.50s3 0.80s 0.85s4 1.20s 1.20s5 1.40s 1.50s6 1.65s 1.60s7 1.9s 1.9s8 2.1s 2.0s9 2.25s 2.2sTable 15: Impat times, gure 54.Impat number LZB model Experiments1 0.16s 0.17s2 0.40s 0.40s3 0.61s 0.60s4 0.80s 0.75s5 0.95s 0.90s6 1.05s 1.05sTable 16: Impat times, gure 55.RR n° 7580
Planar roking-blok 86 bloks whih rok: two dimensional bloks, (i.e. bloks for whih the dynamis is planar. three dimensional bloks, (i.e. bloks for whih the dynamis obvi-ously involves fritional or impat eets due to the thikness. bloks whih do not rok: beause of low frition (slip dominates stik). beause of low aspet ratio l
L
.In this work we have shown the importane of the kineti angle θ12 betweenthe two onstraint surfaes, whih allows one to roughly split the planar bloksinto two lasses: slender bloks with θ12 > π2 , at bloks with θ12 < π2 . In threedimensions, there are four unilateral onstraints f1(q) ≥ 0, f2(q) ≥ 0, f3(q) ≥ 0,
f4(q) ≥ 0, and six kineti angles θ12, θ13, θ14, θ23, θ24, θ34. For instane atower blok like speimen 3 of [46℄ has all angles θij > π2 . A slie blok likespeimen 4 of [46℄ learly has some of its kineti angles (those orresponding tothe thikness diretion) < π2 while the planar ones may be larger or smallerthan π2 . An open researh diretion may be the lassiation of bloks dependingon their kineti angles.As already noted above, in some instanes a kinemati law of restitutionan be used to model the blok's motion (roking, half-roking). However theproblem is that suh a model is unable to predit the real motion, it an onlybe used if one knows a priori that the motion is of the roking type or else.The lassial model for bloks is that of Housner, whih is able to reprodue themotion only if roking ours. The LZB model whih we use in this paper usesone restitution oeient per ontat. The advantage is that if roking doesour (with perfetly stiking ontat points), then our model predits it andprovides as good results as the (enhaned) angular veloity restitution model.But it is muh more rih and an reprodue a variety of motions that are notaessible to the simple roking model.7 Impats with Coulomb frition (harmoni baseexitation)We now onsider that the ground is an exited base, with horizontal motionof the form A sin(ωt). The major issues are to determine the onditions of theonset of roking, and of the overturning phenomenon (so that this an be avoidedin pratie). In this setion we provide omparisons with experimental data(orroborating the above good results for free-roking), and then an analysis ofthe onset of roking and of the overturning is presented.7.1 Comparisons with experiments in [46℄Some experiments with horizontal base exitation have been given in [46℄7. Theparameters e∗n,i and µ, µs in the LZB model are those obtained from the free-roking tting proess of setion 6.1. The free-roking experiments may thus be7One again we use here some data provided to us by Dr F. Pena from UNAM, Mexio.RR n° 7580
Planar roking-blok 87onsidered as a simple proess for parameters tting. The results are reported ingure 58. It is seen that the LZB model has the tendany to underestimate thepeaks magnitudes, however the frequeny of the response is very well predited.As shown in Figure 12 in [46℄ through repeatability tests, the amplitude ofthe roking angle θ(t) may vary from one experiment to the other, whih mayexplain that the LZB model does not predit the same amplitude as in theexperimental gures.7.2 Study of the onset of rokingIn this setion we ontinue the study of setion 5.1: an we exhibit some ritialkineti angles for the onset of roking motion and for the onset of the overturningphenomenon? To start with the onset of roking motion in the (A, ω) plane isdepited in gure 59 with the experimental data taken from Table 4 in [46℄.They onern speimen 2 with l = 1m, L = 0.17m, d = 0.502m, m = 228kg. A good mathing is found between the numerial and the experimentalresults. Notie that it is onsidered that roking is initiated if the blok notonly starts to rok on the base, but if this roking motion is persistent in time(i.e. the mere detahment of one ontat point is not suient to deide forroking). The tendeny is that roking starts to our for large A when ω issmall, and for small A when ω is large. This tendeny is also in agreement withthe experimental data of gure 14 in [66℄.Let us now onsider gure 60, whih depits the onset of roking as a funtionof the aspet ratio l
L
and the amplitude A, for a xed frequeny ω2π =3.3 hz.The points on the urve represent the lower limit of the neessary A for onsetof roking, i.e. roking ours for magnitudes just larger. In gures 61 and 62are depited the trajetories θ(t) and the relative tangential veloity ẋrel(t) atpoint A (or at point B sine they are equal due to the blok's rigidity). Flatbloks need a large A to rok, while slender bloks rok for small A. This seemsintuitively lear. It is noteworthy that there exists a transition between all-stikregimes (slender bloks) and all-slip regimes (at bloks). From gures 61 and62 one sees that the transition ours around l
L
= 3. For l
L
= 3 the relativeveloity is almost always non zero, while for l
L
= 3.5 it is almost always zero.The gure 63 depits the onset of roking for base amplitude 5mm. Thefrition parameters are varied. For high enough frition the onset of rokingours almost independently of the frition, orroborating previous results [53℄.For small enough frition however, there exists a minimum aspet ratio l
L
underwhih the onset of roking starts to depend a lot on frition. When the fritionis high enough the ontats statuses are mostly stik, therefore the value µdoes not ount whereas µs plays a role. Some interesting gures are reportedin Tables 17 and 18. The parameters are en,i =??, µ =??, µs =??, m =??.These gures show that the produt Af2 that determines the onset of roking,is almost onstant for a given aspet ratio l
L
. This is not surprizing sine
Af2 is diretly related to the maximal aeleration of the base. Therefore theonset of roking for a given aspet ratio, depends essentially on the maximalaeleration of the base. It is noteworthy that previous works report a riterionfor the onset of roking without sliding [27, 55, 49℄, whih in fat redues to astati equilibrium riterion µs ≥ Ll (see e.g. equation (32) in [27℄). The resultsobtained here do not make the stiking assumption, and some slipping phasesare possible. Clearly this hanges a lot the onset of roking onditions, in whihRR n° 7580
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LZB model(a) Frequeny ω
2π
=3.3 hz, amplitude A =6 mm (speimen 1)


















Pena experiment(b) Frequeny ω
2π
=3.3 hz, amplitude A =8 mm (speimen 2)














Pena experiment() Frequeny ω
2π
=3.3 hz, amplitude A =5 mm (speimen 2)Figure 58: θ(t) responses with base exitation.RR n° 7580
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Figure 59: Onset of roking for speimen 2.























Figure 60: Onset of roking, L = 0.17m, µ = 0.3, µs = 0.577.RR n° 7580
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Figure 61: Responses θ(t) and relative tangential veloity, l
L
= 3, µ = 0.3,
µs = 0.577.





















Figure 62: Responses θ(t) and relative tangential veloity, l
L
= 3.5, µ = 0.3,
µs = 0.577.RR n° 7580
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µ = 0.3, µs = 0.577
µ = 0.6, µs = 1
µ = 0.45, µs = 0.9
µ = 0.5, µs = 0.9
µ = 0.45, µs = 0.8
Figure 63: The onset of roking with varying frition parameters.
l
L
2.0 2.5 3.0 3.5 4.0 4.5 5.0
f1 (A1 = 3mm) 7.08 6.51 5.91 4.68 4.05 3.71 3.49
A2 (f2 = 3.3Hz) 13.99 11.23 9.27 5.94 4.32 3.68 3.42
f3 (A3 = 5mm) no roking 4.94 4.52 3.61 3.10 2.90 2.68
f4 (A4 = 7mm) no roking 4.16 3.85 3.06 2.56 2.41 2.25
A5 (f5 = 5.5Hz) no roking 4.93 4.09 2.57 1.94 1.58 1.42
A6 (f6 = 4Hz) no roking 7.58 6.32 4.07 3.01 2.64 2.17
A1f
2
1 150.3792 127.1403 104.7843 65.7072 49.2075 41.2923 36.5403
A2f
2
2 152.3511 122.2947 100.9503 64.6866 47.0448 40.0752 37.2438
A3f
2
3 no roking 122.0180 102.1520 65.1605 48.0500 42.0500 35.9120
A4f
2
4 no roking 121.1392 103.7575 65.5452 45.8752 40.6567 35.4375
A5f
2
5 no roking 123.25 102.25 64.25 48.5 39.5 35.5
A6f
2
6 no roking 121.28 101.12 65.12 48.16 42.24 34.72Table 17: The produts Af2 varying with l
L
.the dynamial eets and the stik/slip transitions play a signiant role. It isalso noteworthy that our results are not based on some model approximationsas done sometimes [1℄ but keep the full non-linearity of the dynamis. Theresults for l
L





f1 (A1 = 3mm) 3.35 2.96 2.80
A2 (f2 = 3.3Hz) 2.82 2.40 2.31
f3 (A3 = 5mm) 2.48 2.36 2.21
f4 (A4 = 7mm) 2.07 1.90 1.83
A5 (f5 = 5.5Hz) 1.20 1.13 1.02
A6 (f6 = 4Hz) 1.86 1.66 1.53
A1f
2
1 33.6675 26.2848 23.5200
A2f
2
2 30.7098 26.1360 25.1559
A3f
2
3 30.7520 27.8480 24.4205
A4f
2
4 29.9943 25.27 23.4423
A5f
2
5 30 28.25 25.5
A6f
2
6 29.76 26.56 24.48Table 18: The produts Af2 varying with l
L
.7.3 Study of the overturning phenomenon7.3.1 Harmoni base exitationMany studies have been devoted to the overturning phenomenon, see e.g. [1,8, 19, 25, 26, 27, 28, 52, 54, 56, 62, 66℄. Here we rst onsider a horizontalharmoni motion of the base of the above form A sin(ωt). It is expeted thatthe overturning phenomenon hardly obeys simple rules, beause it is known thatthe blok's dynamis with moving base is an extremely sensitive proess withrespet to initial data and parameters, espeially when restitution is high andstik/slip ours [25℄. In all the gures the urves are numbered starting with thesmallest magnitude, or with the smallest frequeny. The overturning is the resultof an optimal exhange of energy between the base and the blok, through aninrease of the blok's osillation magnitude. This is illustrated in gure 64 (a),where the θ(t) response is depited during 6s, with frequeny ω2π = 3.3Hz, e∗n,i =
0.99, l
L
= 6 and L = 0.155m. This gure demonstrates that overturning mayour quikly for A = 40, 55, 60, 70, 30, 50mm, later for A = 25, 35, 45, 65mm,and not overturn for A = 15mm before 6s. In all ases the blok's motion beforethe overturn is quite similar in frequeny and amplitude. This indiates thatthe overturn is the result of a sudden break in the base/blok relative motion.Figure 64 (b) shows that dereasing e∗n,i, i.e. adding normal dissipation atthe impats, dereases signiantly the risk of overturning sine all amplitudes
A ≤ 40mm yield stable roking. Figure 64 () shows that dereasing A mayyield a stable roking motion after some transient, as may be expeted. Ingure 65 the same study is done with varying frequenies and xed A = 3mm.Similar onlusions as for the varying amplitude an be drawn, that there is nomonotoni variation of the overturning phenomenon as a funtion of the basefrequeny. Disontinuities in the dynamial behaviour are ommon in systemswith impat and Coulomb frition. It is expeted that more energy dissipationis going to prevent the blok from overturning. Dissipation may ome fromtwo soures: sliding motions and normal restitution. The frition between thebase and the blok mainly inuenes the onset of roking, for if µ = µs = 0the blok's orners never detah from the base. However when roking hasRR n° 7580





ap sin(ωpt+ ψ) if − ψωp ≤ t ≤ 2π−ψωp
0 otherwise (43)with ψ = arcsin(αg
ap
), α = arctan(L
l
). The advantage of onsidering suh baseexitation is that it allows one to learly separate the motions that overturn andthose that do not overturn. Indeed one the base is at rest, the blok may onlylose energy. If it has not overturned before it starts to lose its energy, it will neveroverturn. This has been used in [26, 70℄, where one an nd numerial resultsabout the safe and unsafe areas depending on the amplitude and frequeny ofthe base exitation (see for instane gure 6 in [26℄). The results are reported ingures 66 to 70. The parameters are hosen as in [36, Figure 5℄, i.e. l = 1.555,





) plane. Qualitativelywe reover the same shapes as in [26, Figure 6℄ or [36, Figures 5, 8, 9℄: abig area (above the urve AGH or above the urve AGJK) within whihoverturning ours with no impat, and a smaller tongue shaped area(within AIDCB for µ = 0.3, µs = 0.8, dierent for the other two fritions)where overturning ours after one or several impats. There are howevermajor disrepanies with respet to the results in [26, 36, 70℄: The models used in [26, 70℄ are of the Housner type, with basiassumptions like no slipping phases, and a onstant angular veloityrestitution r. The LZB model inludes Coulomb frition and allowsfor stik/slip behaviour both outside and during the impats, with aoherent energetial behaviour. Figures 67, 68, 69 (g) (h) (i) showRR n° 7580
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(a) Overturning amplitudes, e∗n,i = 0.99.































(b) Overturning amplitudes, e∗n,i = 0.8.


















() Non-overturning amplitude.Figure 64: The overturning with varying A, f = 3.3Hz.RR n° 7580
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Figure 65: The overturning with varying ω, A = 3mm.that there is always an important slipping phase before the blokoverturns. Consider the ase µ = 0.5, µs = 0.8. The overturn in the areaabove the line AB and below the line AF , ours after two impats(whih is new ompared to [26, Figure 6℄ whih indiates only oneimpat). There is a disontinuity between points B and C, beausethe overturning in the area above CD and below the next urve AFIours with one impat only. The overturning area with one or two impats, is larger than theone-impat overturning area in [26, Figure 6℄. As expeted the safe area inreases when the frition dereases, that indi-ates that more slip implies less overturn. In the fritionless limit there isno overturn sine the blok keeps slipping on the base. Figures 67 (a) (d) (g) orrespond to a point on the line AB in gure 66,gures 67 (b) (e) (h) orrespond to a point on the line CD, gures 67() (f) (i) orrespond to a point on the line AF . Figures 68 (a) (d) (g)orrespond to a point on the line FE in gure 66, gures 68 (b) (e) (h)orrespond to a point on the line AG, gures 68 () (f) (i) orrespond toa point on the line FI. Figures 69 (a) (d) (g) orrespond to a point onthe line GJ in gure 66, gures 69 (b) (e) (h) orrespond to a point onthe line JI, gures 69 () (f) (i) orrespond to a point in the right upperorner of gure 66.RR n° 7580
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Figure 66: Overturning safe and unsafe areas. From gures 67, 68, 69 (g) (h) (i) one sees that the overturning is almostalways ourring after a phase of slip, followed by a stiking phase at thepoint of ontat (notie that the vertial sales in gures 67, 68, 69 (g) (h)(i) and in gures 67, 68, 69 (d) (e) (f) are quite dierent in magnitude). There are two impats before the overturn in gure 67 (a). The rstimpat, however, has very small magnitude. In gure 70 (a) the rst 0.3sof the simulation are zoomed, and the rst impat an be seen when θ(t)rosses the zero value. In gure 70 (b) the rst 0.5s of the θ(t) response ofgure 67 (b) are shown and it is seen that there is only one impat beforethe overturn. Reall that these two ases orrespond to points of the lines
AB and CD respetively.The overturning phenomenon is ertainly the most omplex phenomenonthat may our in the blok/ground system. Our numerial results mainly aimat showing that the LZB model with frition, oupled to the omplementaritysystem in (5) outside the impats, may improve our knowledge about overturn-ing in planar bloks. It is to be onsidered as a preliminary work beause onthe rst hand three-dimensional eets are likely to play a signiant role inmost of the experiments with strong base exitation, on the seond hand realearthquakes exitations are more omplex than those onsidered here.
RR n° 7580
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Figure 67: (a) (b) (): θ(t), (d) (e) (f) vertial positions and (g) (h) (i) relativehorizontal veloities of the ontat points.
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Figure 68: (a) (b) (): θ(t), (d) (e) (f) vertial positions and (g) (h) (i) relativehorizontal veloities of the ontat points..
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Figure 69: (a) (b) (): θ(t), (d) (e) (f) vertial positions and (g) (h) (i) relativehorizontal veloities of the ontat points..
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Figure 70: Zooms of gures 67 (a) and (b).8 ConlusionsThis report onerns the dynamis of a planar blok subjet to a unilateralonstraint (the ground), possibly with Coulomb frition outside and during theimpats. It has four main objetives: 1) study a generalized kinemati (New-ton's like) restitution law and show that it embeds the lassial Hourner's an-gular veloity restitution law; 2) show that the LZB impat dynamis modelreently introdued in [31, 32, 33, 71, 34℄ an be suessfully applied to theblok problem through numerous and detailed omparisons with experimentaldata found elsewhere (free-roking and with base exitation); 3) show that thekineti angle between the two onstraint surfaes plays a fundamental role inthe bloks dynamis and may be used as a marosopi parameter to preditthe blok gross motion; 4) show that the LZB model allows to reprodue a largevariety of the blok's motion. The LZB model is a rigid body model, based onthe Darboux-Keller's approah for impat dynamis, with few parameters (oneenergetial normal restitution and one stati and dynami frition oeientsper impat point). Compared to previously used ontat/impat models in theroking blok literature, the LZB model allows one to inorporate Coulomb'sfrition both outside and during the impats, and is not restrited to being ttedwith some a priori known motion (like perfet roking) but permits to preditthe motion. An event-driven ode is implemented and freely available in theopen-soure software platform sionos developed at the INRIA [3, 57℄, withwhih all the numerial results shown in this report an be obtained.Akowledgements: the authors are very grateful to Dr Fernando Pena(UNAM Mexio) for providing them with detailed gures from the experimentsin [46℄. These have been valuable for ahieving this work.RR n° 7580
Planar roking-blok 101A The numerial ode for the impat dynamisintegrationHere is the ode that has been used for all the simulations. This is an event-driven simulation ode.%It is a progarme about roking blok% Copyright 2010 Hongjian.Zhang Bernard Brogliato%Arguments::%In this ode, we use ase ** to define the state for different omputing%model.%Case 31: Double slip state on point A and B%Case 32: Double stik state on point A and B%Case 33: Double stik to slip on point A and B%Case 11,12,13 and 21,22,23 are the same to single ontat point A and B.%Case 0: Free state of blok%Case -1,-2: Impat state.LZB model an deal with the multiple impats at%the same time. So we use one part to slove it.%About the Variable dynamis and LZB model , you an find more detail from%BIPOP sitellear allglobal L l m g J eA eB uA usA uB usBL=0.24;%The width of Blokl=1.73*L;%The hight of Blokm=0.02;%The mass of Blokg=9.8;%the aeleration of gravityJ=(1/12)*m*(L^2+l^2);%moment of inertiaeA=0.99;%0.915;%the oeffiient of restitution on point AuA=0.3;%the kineti frition on point A in ontatusA=0.577;%the stati frition on point A in ontatauA=0.3;%the kineti frition on point A in impatausA=0.577;%the stati frition on point A in impateB=0.99;%0.915;%the oeffiient of restitution on point BuB=0.3;%the kineti frition on point B in ontatusB=0.577;%the stati frition on point B in ontatauB=0.3;%the kineti frition on point B in impatausB=0.577;%the stati frition on point B in impatq0=[L/2;l/2;0℄;%the inital position of Blokstr=1.5;%Hertz ontat in ball ontat modeltheta=pi/2-1.5;%pi/2-1.5;%theta=0;%q0=[(L/2)*os(theta)-(l/2)*sin(theta);(L/2)*sin(theta)+(l/2)*os(theta);theta℄;%%q0=[-1*(L/2)*os(theta)-(l/2)*sin(theta);-1*(L/2)*sin(theta)+(l/2)*os(theta);theta℄;%q0=[-1*(L/2)*os(theta)-(l/2)*sin(theta);-1*(L/2)*sin(theta)+(l/2)*os(theta);theta℄;%q0=[+1*(L/2)*os(theta)-(l/2)*sin(theta);+1*(L/2)*sin(theta)+(l/2)*os(theta);theta℄;%RR n° 7580
Planar roking-blok 102dq0=[-0.5;(L/2*os(theta)-l/2*sin(theta))*3;3℄;%dq0=[0;0;0℄;%The inital veloity of blokwmod=0;i=1;q(i,1)=q0(1);q(i,2)=q0(2);q(i,3)=q0(3);dq(i,1)=dq0(1);dq(i,2)=dq0(2);dq(i,3)=dq0(3);qA(i,1)=q(i,1)+(l/2)*sin(q(i,3))-(L/2)*os(q(i,3));qA(i,2)=q(i,2)-(L/2)*sin(q(i,3))-(l/2)*os(q(i,3));qB(i,1)=q(i,1)+(l/2)*sin(q(i,3))+(L/2)*os(q(i,3));qB(i,2)=q(i,2)+(L/2)*sin(q(i,3))-(l/2)*os(q(i,3));%the position of ontat pointM=[ m,0,0;0,m,0;0,0,J℄;%The mass matrixK=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;%The Jaobian matrixS=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;%mdq=[dq(i,1);dq(i,2);dq(i,3)℄;mdqj=K*mdq;dqA(i,1)=mdqj(1);dqA(i,2)=mdqj(2);dqB(i,1)=mdqj(3);dqB(i,2)=mdqj(4);step=20000;%The time step in one seondtotaltime=10;%1.6;%0.01;%The omputing time in the simulationpreision=5*1e-06;%steptime=1/step;%The stepping timet0=0;t(i)=t0;JPL=2*4.5*pi;%The radian frequeny of the ground motiondA=1*0.001*5*JPL;%The veloity of ground motionddA=-1*0.001*5*JPL*JPL;%The aeleration of ground motionXW=0;xAg=0;yAg=0;%The position of ground in ontat AdxAg=dA*os(JPL*t(i)+XW);dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;RR n° 7580
Planar roking-blok 103yBg=0;%%The position of ground in ontat BdxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;delta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);elseif delta==(qB(i,2)-yAg)ddelta=(dqB(i,2)-dyAg);elseerror('!!!')endif delta>10*preisionmod=0;%The state is freeelseif abs(delta)<10*preision%The state is ontatif (((abs(qA(i,2)-yAg)<10*preision)&&(abs(dqA(i,2)-dyAg)<preision))&&((abs(qB(i,2)-yBg)<10*preision)&&(abs(dqB(i,2)-dyBg)<preision)))% Double ontatif ddelta<-1*preisionmod=-1;%The impat in ontat point Aelseif abs(ddelta)<preisionif abs(dqA(i,1)-dxAg)<preisionmod=32;%Double Stikelseif abs(dqA(i,1)-dxAg)>preisionmod=31;%Double Slipelseerror('!!')endelseerror('!!')endelseif delta==(qA(i,2)-yAg)%if ddelta>preisionmod=0;elseif ddelta<-1*preisionmod=-1;%Impat on Point Aelseif abs(ddelta)<preisionif abs(dqA(i,1)-dxAg)<preisionmod=12;%Single stik on point Aelseif abs(dqA(i,1)-dxAg)>preisionmod=11;%Single slip on point Aelseerror('!!')endelseerror('!!')endelseif delta==(qB(i,2)-yBg)%if ddelta>preisionRR n° 7580
Planar roking-blok 104mod=0;elseif ddelta<-1*preisionmod=-2;%Impat on point Belseif abs(ddelta)<preisionif abs(dqB(i,1)-dxBg)<preisionmod=22;%Single stik on point Belseif abs(dqB(i,1)-dxBg)>preisionmod=21;%Single slip on point Belseerror('!!')endelseerror('!!')endelseerror('!!')endendelseif delta<-1*10*preision%Impatif delta==(qA(i,2)-yAg)mod=-1;elseif delta==(qB(i,2)-yBg)mod=-2;elseerror('!!')endelseerror('!!')end
while t(length(t))<t0+totaltimeremod(i)=mod;%Reording eah state in eah stepif t(i)>9.98JPL=0*6.6*pi;%The adding rest state for Pena ExperimentdA=0*0.001*6.0*6.6*pi;ddA=0*0.001*6.0*6.6*6.6*pi*pi;eA=0.88;eB=0.88;endRR n° 7580
Planar roking-blok 105if i>450000error('The time is too long')endif q(i,3)>pi/2error('Overturning!')endif q(i,3)<-1*pi/2error('Overturning!')endswith modase 0i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;ddqj=K*inv(M)*(h+Qg)+S;ddq=inv(M)*(h+Qg);dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);RR n° 7580
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k 106dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;delta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);elseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);elseerror('!!!')endif delta>10*preisionmod=0;elseif abs(delta)<10*preisionif (((abs(qA(i,2)-yAg)<10*preision)&&(abs(dqA(i,2)-dyAg)<preision))&&((abs(qB(i,2)-yBg)<10*preision)&&(abs(dqB(i,2)-dyBg)<preision)))if ddelta<-1*preisionmod=-1;elseif abs(ddelta)<preisionif abs(dqA(i,1)-dxAg)<preisionmod=32;elseif abs(dqA(i,1)-dxAg)>preisionmod=31;elseerror('!!')endelseerror('!!')endelseif delta==(qA(i,2)-yAg)if ddelta>preisionmod=0;elseif ddelta<-1*preisionmod=-1;elseif abs(ddelta)<preisionif abs(dqA(i,1)-dxAg)<preisionmod=12;elseif abs(dqA(i,1)-dxAg)>preisionmod=11;elseerror('!!')endelseRR n° 7580
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k 107error('!!')endelseif delta==(qB(i,2)-yBg)if ddelta>preisionmod=0;elseif ddelta<-1*preisionmod=-2;elseif abs(ddelta)<preisionif abs(dqB(i,1)-dxBg)<preisionmod=22;elseif abs(dqB(i,1)-dxBg)>preisionmod=21;elseerror('!!')endelseerror('!!')endelseerror('!!')endendelseif delta<-1*10*preisionif delta==(qA(i,2)-yAg)mod=-1;elseif delta==(qB(i,2)-yBg)mod=-2;elseerror('!!')endelseerror('!!')end ase 11%i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;RR n° 7580
Planar roking-blok 108-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;v=-1*(dqA(i,1)-dxAg)/abs(((dqA(i,1)-dxAg)));FAY=-1*(WW(2))/(W(2)*uA*v+W(6));FAX=v*uA*FAY;FBX=0;FBY=0;F=[FAX;FAY;FBX;FBY℄;if FAY<0mod=0;endddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;if abs(dqA(i,1)-dxAg)<preisionmod=12;endRR n° 7580
Planar roking-blok 109delta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if ((abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision))mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);if ((abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision))mod=-2;endelseerror('!!!')endase 12%i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;SW=[W(1),W(5);W(2),W(6)℄;SWW=[WW(1);WW(2)℄;F=-1*inv(SW)*SWW;FAX=F(1);FAY=F(2);FBX=0;FBY=0;if (FAY<0)mod=0;endF=[FAX;FAY;FBX;FBY℄;ddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);RR n° 7580
Planar roking-blok 110dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;if abs(dqA(i,1)-dxAg)>preisionmod=13;enddelta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-2;endelseerror('!!!')endif(abs(FAX)/abs(FAY)>usA)mod=13;RR n° 7580
Planar roking-blok 111endase 13i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;SW=[W(1),W(5);W(2),W(6)℄;SWW=[WW(1);WW(2)℄;F=-1*inv(SW)*SWW;FAX=F(1);FAY=F(2);FBX=0;FBY=0;if (FAY<0)mod=0;endv=(FAX)/abs((FAX));W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;FAY=-1*(WW(2))/(W(2)*uA*v+W(6));FAX=v*uA*FAY;FBX=0;FBY=0;F=[FAX;FAY;FBX;FBY℄;ddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;RR n° 7580
Planar roking-blok 112dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;if abs(dqA(i,1)-dxAg)>preisionmod=11;enddelta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-2;endelseerror('!!!')end
RR n° 7580
Planar roking-blok 113ase 21%i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;v=-1*(dqB(i,1)-dxBg)/abs(((dqB(i,1)-dxBg)));FBY=-1*(WW(4))/(W(12)*uB*v+W(16));FBX=v*uB*FBY;FAX=0;FAY=0;F=[FAX;FAY;FBX;FBY℄;if FBY<0mod=0;endddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;RR n° 7580
Planar roking-blok 114ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;if abs(dqB(i,1)-dxBg)<preisionmod=22;enddelta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-2;endelseerror('!!!')endase 22%i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;SW=[W(11),W(15);W(12),W(16)℄;SWW=[WW(3);WW(4)℄;F=-1*inv(SW)*SWW;RR n° 7580
Planar roking-blok 115FBX=F(1);FBY=F(2);FAX=0;FAY=0;if (FBY<0)mod=0;endF=[FAX;FAY;FBX;FBY℄;ddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;delta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);RR n° 7580
Planar roking-blok 116if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-2;endelseerror('!!!')endif(abs(FBX)/abs(FBY)>usB)mod=23;endase 23%i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;Qg=[0;-m*g;0℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;SW=[W(11),W(15);W(12),W(16)℄;SWW=[WW(3);WW(4)℄;F=-1*inv(SW)*SWW;FBX=F(1);FBY=F(2);FAX=0;FAY=0;if (FBY<0)mod=0;endv=(FBX)/abs((FBX))W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;FBY=-1*(WW(4))/(W(12)*uA*v+W(16));FBX=v*uB*FBY;FAX=0;FAY=0;F=[FAX;FAY;FBX;FBY℄;ddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);RR n° 7580
Planar roking-blok 117dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;if abs(dqB(i,1)-dxBg)>preisionmod=21;enddelta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-2;endelseerror('!!!')endRR n° 7580
Planar roking-blok 118ase 31i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;vB=-1*(dqB(i,1)-dxBg)/abs(((dqB(i,1)-dxBg)));vA=-1*(dqA(i,1)-dxAg)/abs(((dqA(i,1)-dxAg)));SW=[vA*uA*W(2)+W(6),vB*uB*W(10)+W(14);vA*uA*W(4)+W(8),vB*uB*W(12)+W(16)℄;SWW=[WW(2);WW(4)℄;F=-1*inv(SW)*SWW;FBY=F(2);FBX=vB*uB*FBY;FAY=F(1);FAX=vA*uA*FAY;F=[FAX;FAY;FBX;FBY℄;if (FBY<0)&&(FAY<0)mod=0;elseif (FBY<0)&&(FAY>=0)mod=11;elseif (FBY>=0)&&(FAY<0)mod=21;endddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;RR n° 7580
Planar roking-blok 119qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;
if abs(dqB(i,1)-dxBg)<preisionmod=32;enddelta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-2;endelseerror('!!!')endase 32i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));RR n° 7580
Planar roking-blok 1201,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;SW=[W(6)-W(2)*W(5)/W(1),W(14)+W(2)*W(5)/W(1);W(8)+W(2)*W(5)/W(1),W(16)-W(2)*W(5)/W(1)℄;SWW=[(-1*W(4)/(2*W(1)))*(WW(1)+WW(3))-WW(2);(W(4)/(2*W(1)))*(WW(1)+WW(3))-WW(4)℄;F=inv(SW)*SWW;FAY=F(1);FBY=F(2);FX=(2*W(4)*(FAY-FBY)-WW(1)-WW(3))/(2*W(1));FAX=FX/2;FBX=FX/2;if (FBY<0)&&(FAY<0)mod=0;elseif (FBY<0)&&(FAY>=0)mod=12;elseif (FBY>=0)&&(FAY<0)mod=22;endF=[FAX;FAY;FBX;FBY℄;ddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;RR n° 7580
Planar roking-blok 121ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;delta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-2;endelseerror('!!!')endust=max(usB,usA);if(abs(FBX+FAX)/abs(FBY+FAY)>ust)mod=33;endtime=1;ase 33i=length(q(:,1));M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;S=[ (L/2)*os(q(i,3))*dq(i,3)^2-(l/2)*sin(q(i,3))*dq(i,3)^2;(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2;-1*(l/2)*sin(q(i,3))*dq(i,3)^2-(L/2)*os(q(i,3))*dq(i,3)^2;-1*(L/2)*sin(q(i,3))*dq(i,3)^2+(l/2)*os(q(i,3))*dq(i,3)^2℄;h=[0;0;0℄;Qg=[0;-m*g;0℄;RR n° 7580
Planar roking-blok 122ddAg=[ddxAg;ddyAg;ddxBg;ddyBg℄;W=K*inv(M)*K';WW=K*inv(M)*(h+Qg)+S+ddAg;SW=[W(6)+W(2)*W(4)/W(1),W(14)-W(2)*W(4)/W(1);W(8)+W(4)*W(4)/W(1),W(16)-W(4)*W(4)/W(1)℄;SWW=[(W(2)*W(4)/W(1))*(WW(1)+WW(3))-WW(2);(W(4)*W(4)/W(1))*(WW(1)+WW(3))-WW(4)℄;F=inv(SW)*SWW;FAY=F(1);FBY=F(2);FAX=0;FBX=(2*W(4)*(FAY-FBY)-WW(1)-WW(3))/(2*W(1));if (FBY<0)&&(FAY<0)mod=0;elseif (FBY<0)&&(FAY>=0)mod=12;elseif (FBY>=0)&&(FAY<0)mod=22;endF=[FAX;FAY;FBX;FBY℄;vA=(FAX)/abs((FAX));vB=(FBX)/abs((FBX));SW=[vA*uA*W(2)+W(6),vB*uB*W(10)+W(14);vA*uA*W(4)+W(8),vB*uB*W(12)+W(16)℄;SWW=[WW(2);WW(4)℄;F=-1*inv(SW)*SWW;FBY=F(2);FBX=v*uB*FBY;FAY=F(1);FAX=v*uA*FAY;F=[FAX;FAY;FBX;FBY℄;if (FBY<0)&&(FAY<0)mod=0;elseif (FBY<0)&&(FAY>=0)mod=11;elseif (FBY>=0)&&(FAY<0)mod=21;endddqj=K*inv(M)*K'*F+K*inv(M)*(h+Qg)+S;ddq=inv(M)*K'*F+inv(M)*(h+Qg);dq(i+1,1)=dq(i,1)+ddq(1)*steptime;dq(i+1,2)=dq(i,2)+ddq(2)*steptime;dq(i+1,3)=dq(i,3)+ddq(3)*steptime;q(i+1,1)=q(i,1)+dq(i+1,1)*steptime;q(i+1,2)=q(i,2)+dq(i+1,2)*steptime;q(i+1,3)=q(i,3)+dq(i+1,3)*steptime;dqA(i+1,1)=dqA(i,1)+ddqj(1)*steptime;dqA(i+1,2)=dqA(i,2)+ddqj(2)*steptime;dqB(i+1,1)=dqB(i,1)+ddqj(3)*steptime;dqB(i+1,2)=dqB(i,2)+ddqj(4)*steptime;qA(i+1,1)=qA(i,1)+dqA(i+1,1)*steptime;RR n° 7580
Planar roking-blok 123qA(i+1,2)=qA(i,2)+dqA(i+1,2)*steptime;qB(i+1,1)=qB(i,1)+dqB(i+1,1)*steptime;qB(i+1,2)=qB(i,2)+dqB(i+1,2)*steptime;t(i+1)=t(i)+steptime;i=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;if abs(dqB(i,1)-dxBg)<preisionmod=32;enddelta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-1;endelseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);if (abs(delta)<10*preision&&ddelta<-1*preision)||(delta<-1*10*preision)mod=-2;endelseerror('!!!')endase {-1,-2}if mod==-2wmod=1;mod;endi=length(q(:,1));xAg=0;yAg=0;dxAg=dA*os(JPL*t(i)+XW);RR n° 7580
Planar roking-blok 124dyAg=0;ddxAg=ddA*sin(JPL*t(i)+XW);ddyAg=0;xBg=0;yBg=0;dxBg=dA*os(JPL*t(i)+XW);dyBg=0;ddxBg=ddA*sin(JPL*t(i)+XW);ddyBg=0;M=[ m,0,0;0,m,0;0,0,J℄;K=[ 1,0,(l/2)*os(q(i,3))+(L/2)*sin(q(i,3));0,1,-(L/2)*os(q(i,3))+(l/2)*sin(q(i,3));1,0,(l/2)*os(q(i,3))-(L/2)*sin(q(i,3));0,1,(L/2)*os(q(i,3))+(l/2)*sin(q(i,3))℄;KK=K*inv(M)*K';dP0=m*(abs(dq(i,1))+abs(dq(i,2)))+J*abs(dq(i,3));n=5000;%The number of step in impatddP0=dP0/n;%EA=0;%EB=0;%The inital Energy in eah PointsjE1(1)=EA;sjE2(1)=EB;if ((qA(i,2)-yAg)>10*preision)&&((qB(i,2)-yBg)>10*preision)error('!')elseif (((qA(i,2)-yAg)<-1*10*preision)&&((qB(i,2)-yBg)<-1*10*preision))||((abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)<-1*preision)&&(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)<-1*preision))%ABï¾½ï¾½ï¾½ï¾½Í
× 2 xddqjA=dqA(i,2)-dyAg;xddqjB=dqB(i,2)-dyBg;elseif (((qA(i,2)-yAg)<-1*10*preision)||(abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)<-1*preision))&&(((qB(i,2)-yBg)>10*preision)||(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)>preision)||(abs(qB(i,2)-yBg)<10*preision)&&(abs(dqB(i,2)-dyBg)<preision))xddqjA=dqA(i,2)-dyAg;xddqjB=0;elseif (((qB(i,2)-yBg)<-1*10*preision)||(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)<-1*preision))&&(((qA(i,2)-yAg)>10*preision)||(abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)>preision)||(abs(qA(i,2)-yAg)<10*preision)&&(abs(dqA(i,2)-dyAg)<preision))xddqjB=dqB(i,2)-dyBg;xddqjA=0;elseif (((qB(i,2)-yBg)>10*preision)||(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)>preision))&&(((qA(i,2)-yAg)>10*preision)||(abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)>preision))if EAB==0mod=12;error('!')breakendif EAB~=0xddqjA=dqA(i,2)-dyAg;xddqjB=0;endRR n° 7580
Planar roking-blok 125elseif (abs(qB(i,2)-yBg)<10*preision)&&abs((dqB(i,2)-dyBg)<-1*preision)&&(abs(qA(i,2)-yAg)<10*preision)&&abs((dqA(i,2)-dyAg)<-1*preision)xddqjA=dqA(i,2)-dyAg;xddqjB=dqB(i,2)-dyBg;elseif (abs(qA(i,2)-yAg)<10*preision)&&abs(abs(dqA(i,2)-dyAg)<preision)&&((abs(qB(i,2)-yBg)>10*preision)||(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)>-1*preision))if EAB~=0xddqjA=dqA(i,2)-dyAg;xddqjB=0;endif EAB==0xddqjA=0;xddqjB=0;endelseif (abs(qB(i,2)-yBg)<10*preision)&&abs(abs(dqB(i,2)-dyBg)<preision)&&((abs(qA(i,2)-yAg)>10*preision) ||(abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)>-1*preision))if EAB~=0xddqjB=dqB(i,2)-dyBg;xddqjA=0;endif EAB==0xddqjA=0;xddqjB=0;endelseerror('!!')endxddqj=min(xddqjA,xddqjB);if xddqj>=0mod=0endEAB=max(EA,EB);if EAB<0error('!!!!')endj=1;pzdq=[dq(i,1);dq(i,2);dq(i,3)℄;pzdqj=[dqA(i,1);dqA(i,2);dqB(i,1);dqB(i,2)℄;while (EAB>0||xddqj<0)EAB=max(EA,EB);if j>50000error('!')endif (qA(i,2-yAg)>10*preision)&&(qB(i,2-yBg)>10*preision)error('!')elseif (((qA(i,2)-yAg)<-1*10*preision)&&((qB(i,2)-yBg)<-1*10*preision))||((abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)<-1*preision)&&(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)<-1*preision))%ABï¾½ï¾½ï¾½ï¾½Í
× 2 xddqjA=dqA(i,2)-dyAg;xddqjB=dqB(i,2)-dyBg;elseif (((qA(i,2)-yAg)<-1*10*preision)||(abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)<-1*preision))&&(((qB(i,2)-yBg)>10*preision)||(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)>preision)||(abs(qB(i,2)-yBg)<10*preision)&&(abs(dqB(i,2)-dyBg)<preision))RR n° 7580
Planar roking-blok 126if EB<=0xddqjA=dqA(i,2)-dyAg;xddqjB=0;elsexddqjA=dqA(i,2)-dyAg;xddqjB=dqB(i,2)-dyBg;endelseif (((qB(i,2)-yBg)<-1*10*preision)||(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)<-1*preision))&&(((qA(i,2)-yAg)>10*preision)||(abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)>preision)||(abs(qA(i,2)-yAg)<10*preision)&&(abs(dqA(i,2)-dyAg)<preision))if EA<=0xddqjB=dqB(i,2)-dyBg;xddqjA=0;elsexddqjA=dqA(i,2)-dyAg;xddqjB=dqB(i,2)-dyBg;endelseif (((qB(i,2)-yBg)>10*preision)||(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)>preision))&&(((qA(i,2)-yAg)>10*preision)||(abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)>preision))if EAB==0xddqjA=0;xddqjB=0;mod=0;breakendif EAB~=0if EA<=0xddqjA=0;elsexddqjA=dqA(i,2)-dyAg;endif EB<=0xddqjB=0;elsexddqjB=dqB(i,2)-dyBg;endendelseif (abs(qB(i,2)-yBg)<10*preision)&&abs((dqB(i,2)-dyBg)<-1*preision)&&(abs(qA(i,2)-yAg)<10*preision)&&abs((dqA(i,2)-dyAg)<-1*preision)xddqjA=dqA(i,2)-dyAg;xddqjB=dqB(i,2)-dyBg;elseif (abs(qA(i,2)-yAg)<10*preision)&&abs(abs(dqA(i,2)-dyAg)<preision)&&((abs(qB(i,2)-yBg)>10*preision)||(abs(qB(i,2)-yBg)<10*preision)&&((dqB(i,2)-dyBg)>-1*preision))if EAB~=0if EB<=0xddqjA=dqA(i,2)-dyAg;xddqjB=0;elsexddqjA=dqA(i,2)-dyAg;xddqjB=dqB(i,2)-dyBg;endendif EAB==0xddqjA=0;xddqjB=0;RR n° 7580
Planar roking-blok 127endelseif (abs(qB(i,2)-yBg)<10*preision)&&abs(abs(dqB(i,2)-dyBg)<preision)&&((abs(qA(i,2)-yAg)>10*preision) ||(abs(qA(i,2)-yAg)<10*preision)&&((dqA(i,2)-dyAg)>-1*preision))if EAB~=0if EA<=0xddqjB=dqB(i,2)-dyBg;xddqjA=0;elsexddqjA=dqA(i,2)-dyAg;xddqjB=dqB(i,2)-dyBg;endendif EAB==0xddqjA=0;xddqjB=0;endelseerror('!!')endxddqj=min(xddqjA,xddqjB);if xddqjA<0flagA=1;%The ompression state in point Aelseif (xddqjA>=0)&&(EA>0)flagA=2;%The expansion state in point Aelseif (xddqjA>=0)&&(EA==0)flagA=0;%No impat in point Aelseif EA<0EA=0;flagA=0;elseerror('!')endif xddqjB<0flagB=1;%The ompression state in point Belseif (xddqjB>=0)&&(EB>0)flagB=2;%The expansion state in point Belseif (xddqjB>=0)&&(EB==0)flagB=0;%No impat in point Belseif EB<0EB=0;flagB=0;elseerror('!')endEMAX=[EA,EB℄;Emax=max(EMAX);RR n° 7580
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k 128if Emax==0VMAX=[abs(xddqjA),abs(xddqjB)℄;Vmax=max(VMAX);if Vmax<=0modimod=0breakenddP4=(abs(xddqjB/Vmax))^(str)*ddP0;dP2=(abs(xddqjA/Vmax))^(str)*ddP0;EA=EA-xddqjA*dP2;EB=EB-xddqjB*dP4;endif Emax~=0if (flagA==1)&&EA==0dP2=(abs(xddqjA/Emax))^(str)*(abs(ddP0))^(str+1);EA=EA-xddqjA*dP2;elseif (flagA==1)&&EA~=0dP2=(abs(EA/Emax))^(str/(str+1))*ddP0;EA=EA-xddqjA*dP2;elseif flagA==2dP2=(abs(EA/Emax))^(str/(str+1))*ddP0;EA=EA-xddqjA*dP2*1/eA*1/eA;elseif flagA==0dP2=0;EA=EA+0;endif (flagB==1)&&EB==0dP4=(abs(xddqjB/Emax))^(str)*(abs(ddP0))^(str+1);EB=EB-xddqjB*dP4;elseif (flagB==1)&&EB~=0dP4=(abs(EB/Emax))^(str/(str+1))*ddP0;EB=EB-xddqjB*dP4;elseif flagB==2dP4=(abs(EB/Emax))^(str/(str+1))*ddP0;EB=EB-xddqjB*dP4*1/eB*1/eB;elseif flagB==0dP4=0;EB=EB+0;endendif abs(dqA(i,1)-dxAg)<preisionRR n° 7580
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isiontflagA=2;%The Stik state in Point AretflagA(i)=2;elseerror('!')endif abs(dqB(i,1)-dxBg)<preisiontflagB=1;%The Slip state in Point BretflagB(i)=1;elseif abs(dqB(i,1)-dxBg)>preisiontflagB=2;%The Sti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k 130dPt=inv(zhj2)*zhj1*dPn;dP1=dPt(1);dP3=dPt(2);endif det(zhj2)==0dP1=0;dP3=0;endif abs(dP1/dP2)>ausAif abs(dqA(i,1)-dxAg)~=0dP1=((-1*(dqA(i,1)-dxAg)*auA)/abs(dqA(i,1)-dxAg))*dP2;elsedP1=0;endendif abs(dP3/dP4)>ausBif abs(dqB(i,1)-dxBg)~=0dP3=((-1*(dqB(i,1)-dxBg)*auB)/abs(dqB(i,1)-dxBg))*dP4;elsedP3=0;endendendelseif (tflagA==2)&&(tflagB==2)dP1=((-1*(dqA(i,1)-dxAg)*auA)/abs(dqA(i,1)-dxAg))*dP2;dP3=((-1*(dqB(i,1)-dxBg)*auB)/abs(dqB(i,1)-dxBg))*dP4;elseif (tflagA==1)&&(tflagB==2)dP3=((-1*(dqB(i,1)-dxBg)*auB)/abs(dqB(i,1)-dxBg))*dP4;dP1=(KK(5)*dP2+KK(9)*dP3+dP4*KK(13))/(-1*KK(1));if abs(dP1/dP2)>ausAdP1=((-1*(dqA(i,1)-dxAg)*auA)/abs(dqA(i,1)-dxAg))*dP2;endelseif (tflagA==2)&&(tflagB==1)dP1=((-1*(dqA(i,1)-dxAg)*auA)/abs(dqA(i,1)-dxAg))*dP2;dP3=(KK(7)*dP2+KK(3)*dP1+dP4*KK(15))/(-1*KK(11));if abs(dP3/dP4)>ausBdP3=((-1*(dqB(i,1)-dxBg)*auB)/abs(dqB(i,1)-dxBg))*dP4;endenddP=[dP1;dP2;dP3;dP4℄;j=j+1;pzddq=inv(M)*K'*dP;pzddqj=KK*dP;pzdq=pzdq+pzddq;pzdqj=pzdqj+pzddqj;for jj=1:3RR n° 7580
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(j,jj)=pzdqj(jj);end sjEA(j)=EA;sjEB(j)=EB;dq(i,1)=pzdq(1);dq(i,2)=pzdq(2);dq(i,3)=pzdq(3);dqA(i,1)=pzdqj(1);dqA(i,2)=pzdqj(2);dqB(i,1)=pzdqj(3);dqB(i,2)=pzdqj(4);endi=length(q(:,1));delta=min((qA(i,2)-yAg),(qB(i,2)-yBg));if delta==(qA(i,2)-yAg)ddelta=(dqA(i,2)-dyAg);elseif delta==(qB(i,2)-yBg)ddelta=(dqB(i,2)-dyBg);elseerror('!!!')endif delta>10*preisionmod=0;elseif abs(delta)<10*preisionif (((abs(qA(i,2)-yAg)<10*preision)&&(abs(dqA(i,2)-dyAg)<preision))&&((abs(qB(i,2)-yBg)<10*preision)&&(abs(dqB(i,2)-dyBg)<preision)))if ddelta<-1*preisionmod=-1;elseif abs(ddelta)<preisionif abs(dqA(i,1)-dxAg)<preisionmod=32;elseif abs(dqA(i,1)-dxAg)>preisionmod=31;elseerror('!!')endelseerror('!!')endelseif delta==(qA(i,2)-yAg)if ddelta>preisionmod=0;elseif ddelta<-1*preisionmod=-1;elseif abs(ddelta)<preisionif abs(dqA(i,1)-dxAg)<preisionRR n° 7580
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